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ABSTRACT

In the first section of this senior thesis the author provides some new efficient
algorithms for calculating with finite permutation groups. They cannot be found in
the computer algebra system MAGMA, but they can be implemented there. For any
finite group G with a given set of generators, the algorithms calculate generators
of a fixed subgroup of G as short words in terms of original generators. Another
new algorithm provides such a short word for a given element of G. These algo-
rithms are very useful for documentation and performing demanding experiments
in computational group theory.

In the later sections, the author gives a self-contained existence proof for Fis-
cher’s sporadic simple group Fizs of order 2'8 - 313 .52.7.11-13 - 17 - 23 using
G. Michler’s Algorithm [11] constructing finite simple groups from irreducible sub-
groups of GL,(2). This sporadic group was originally discovered by B. Fischer in [6]
by investigating 3-transposition groups, see also [5]. This thesis gives a representa-
tion theoretic and algorithmic existence proof for his group. The author constructs
the three non-isomorphic extenstions E; by the two 11-dimensional non-isomorphic
simple modules of the Mathieu group Mag over F' = GF(2). In two cases Michler’s
Algorithm fails. In the third case the author constructs the centralizer H = Cg(2)
of a 2-central involution z of E; in any target simple group G. Then the author
proves that all conditions of Michler’s Algorithm are satisfied. This allows the au-
thor to construct G inside GL7g2(17). Its four generating matrices are too large to
be printed in this thesis, but they can be downloaded from the author’s website
[10]. Furthermore, its character table and representatives for conjugacy classes are
computed. It follows that G and Fiss have the same character table.
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0. INTRODUCTION

A simple group G is called sporadic if it is not isomorphic to any alternating
group A, or any finite group of Lie type, see R. W. Carter [3]. Uuntil recently
there was no uniform construction method for the known twenty six simple spo-
radic groups. In [11] a uniform construction method is given for constructing finite
simple groups from irreducible subgroups of GL,(2). For technical reasons it can-
not construct the two largest known sporadic simple groups because there is no
computer which can hold all their elements. But the other twenty four known spo-
radic simple groups can be constructed by Michler’s Algorithm. In this thesis it is
applied to provide a new self-contained existence proof for Fischer’s sporadic simple
group Fiag.

In 1971 B. Fischer [5] found three sporadic groups by characterizing all finite
groups G that can be generated by a conjugacy class D = 2% of 3-transpositions,
which means that the product of two elements of D has order 1,2, or 3. He proved
that besides the symmetric groups S, the symplectic groups Sp,,(2), the projective
unitary groups U, (2) over the field with 4 elements and certain orthogonal groups,
his two sporadic simple groups Fiss and Fiss, and the automorphism group Figy
of the simple group Fi,, describe all 3-transposition groups, see [6]. For each 3-
transposiiton group G = (D) Fischer constructs a graph G and an action on it. As
its vertices he takes the 3-transpositions z of D. Two distinct elements x,y € D
are called to be connected and joined by an edge (z,y) in G if they commute in
G. He showed that each of the groups considered in his theorem has a natural
representation as an automorphism group of its graph G. Unfortunately, Fischer’s
proofs are only published in his set of lecture notes of the University of Warwick
[6]. See also [1], for a coherent account on Fischer’s theorem.

In [6] Fischer gave the first existence proof for Fise, Fiss, and Figy, by con-
structing the three graphs on which the groups act as automorphisms. Eighteen
years later, M. Aschbacher proves in [1] the existence of Figy and hence also Fiag
and Fiog, using a quotient of the normalizer of a cyclic subgroup of order 3 in the
Monster simple group M, see [1], p. 5. However, both approaches do not allow
specific calculations with elements in these groups nor do their methods generalize
to arbitrary finite simple groups.

The purpose of this thesis is to provide a new existence proof for Fip3, which has
two advantages over the previous proofs. Fischer’s proof doesn’t generalize to all
simple groups, because not all simple groups can be described by 3-transposition
groups. Aschbacher’s proof obviously doesn’t generalize nor does it provide access
to explicit computation with elements in the resulting groups, because the Monster
group M doesn’t have a permutation representation or a matrix representation of
small enough degree; the smallest known faithful permutation representation of M
wouldn’t fit into any modern super-computer, and the smallest degree of matrix
representation of M is about 183,000. Dealing with dense 183,000 by 183,000
matrices is practically impossible for currently existing computers.

The new proof uses representation theoretic and algorithmic methods, mainly
based on the Algorithm 2.5 of [11], which is also stated in section 2. The second part
of Algorithm 2.5 of [11] is not repeated in this thesis, because it is identical to Algo-
rithm 7.4.8 of [12]. Using this algorithm, the author constructs Fis3 as a subgroup
of GL7g2(17). From the 782-dimensional matrix representation, the author also
constructs a faithful permutation representation of Fisg of degree 31671, by which
we can actually compute with elements and subgroups and check the performed
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calculations using the high performance computer algebra system MAGMA. The
character table and representatives for conjugacy classes of Fisg are also computed
by means of this permutation representation.

The other strong point of this algorithmic proof is that this method generalizes to
all simple groups (not having Sylow 2-subgroups which are cyclic, dihedral or semi-
dihedral), see [12]. In [9] the author and G. Michler construct Fizs and Conway’s
sporadic group Cos simultaneously. The author and G. Michler are also working on
the simultaneous contructions of Coy, Janko’s sporadic group Jy, and Fij,. In [12]
and recent work to which the author’s joint article [9] with Michler and also the
further work belongs, G. Michler and coauthors construct all known sporadic groups
except the Baby Monster and the Monster. These methods allow a systematic
search for simple groups.

Here is the summary of each section. Section 1 contains the description and
MAGMA implementation of the author’s short-word algorithms. In section 2, the
author states Michler’s Algorithm 2.5 of [11], which is a main tool of the construc-
tion of Fissz in this thesis.

Section 3 shows the author’s construction of the extensions of the Mathieu group
Mg by its two non-isomorphic irreducible representations V7 and V5 of dimension
11 over GF(2). In this thesis it is shown that there is a uniquely determined non-
split extension E of Maz by V3. Micher’s Algorithm 2.5 in [11] is applied to F for
the construction of Fisz in the next sections. However, its application to the split
extensions F7 and Ey of Ma3 by Vi and V5 does not lead to any result.

Section 4 contains the author’s construction of the centralizer H (unique up to
isomorphism) of a 2-central involution z; of F in any target simple group G. In
particular, it is shown that Z(H) = (z1) and H/Z(H) = Figs. Taking a 2-central
involution z; in E and calculating D = Cg(z1) the author finds a suitable normal
subgroup @ in D which enables him to construct a group H with center Z(H) = (z1)
of order 2 such that H/Z(H) = Figg. It is shown that E, D = Cg(z1), H satisfy all
conditions of Algorithm 2.5 of [11], stated in Algorithm 2.1 in section 2.

In order to construct H = 2 Figgy, the author quotes a result on Fischer’s sporadic
simple group Fiss from his joint article [9] with G. Michler. This was necessary
because the implementation of Holt’s Algorithm into MAGMA was not able to con-
struct a central extension of Fiss by a cyclic group of order 2. Thus, the author
constructs another amalgam Hy «+— Dy — D, where Dy = Cp(t) for some involu-
tion ¢ and Ho = 2H (Figs), see Propositions 4.1 and 4.2 and Theorem 4.3. The free
product Hs *p, D with amalgamated subgroup Ds has a 352-dimensional faith-
ful irreducible representation over GF(17), whose corresponding matrix group § is
proved to be isomorphic to the 2-fold cover 2 Fiss of Figs, see Theorem 4.5.

In section 5 the author finally constructs the simple target group & as a matrix
group inside GL7g2(17), by applying Algorithm 7.4.8 of [12] to the amalgam H «—
D — FE. In particular, it has been shown that & has a same character table as
Fios as stated in [4]. The amalgam E < D — H has a unique compatible pair of
degree 782 over GF(17) which is not multiplicity-free at the D-level, see Theorem
5.1. So the author uses Thompson’s Theorem 7.2.2 of [12] in the application of
Step 5(c) of Algorithm 7.4.8 of [12]. Tt is shown that the free product H *p E with
amalgamated subgroup D has exactly one (unique up to isomorphism) irreducible
representation of degree 782 over GF(17) satisfying the Sylow 2-subgroup test, see
Theorem 5.1. The corresponding matrix group & in GL7g2(17) is proved to be a
simple group of order 2'®-313.52.7.11-13-17-23 which has a 2-central involution
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3 such that Cs(3) = H, see Theorem 5.1. Furthermore, the author constructs a
faithful permutation representation of &, and then the character table of &. It
agrees with the one of Figs as stated in the Atlas [4].

The following diagram summarizes the author’s construction of Fisg given in
sections 4 and 5.

® = Fiog

T

H = 2Fis E =V,. Mas

\

/

Dy 2T = Cpl(t)

All the performed demanding calculations for the given existence proof were only
possible because of the implementations of the author’s new algorithms described
in the first section. They are very general and can be used in the course of math-
ematical research in computational group theory. The author’s code works well in
the computer algebra system MAGMA. For documentation of the performed calcu-
lations it is often crucial to get short-word generators for a certain subgroup of a
group G with a given set of generators: G = (g1, 92,...,gn). Let S be a subgroup
G. We want to get a generating set for S as short words in terms of the original
generators gi, 92, ..., gn-

For example, S = (919396, 92, gags). We want relatively small number of gen-
erators, and the lengths of words to be short.

MaGMA’s inverse word map function (often) provides a generating set in terms
of given generators, but unfortunately consisting of terribly lengthy words. Reiner
Staszewski, who was a former research assistant of Professor Michler, developed a
stand-alone algorithm for finding short-word generators. Paul K. Young, a current
graduate student of the Mathematics Department of Cornell University, polished
the idea and implemented the algorithm in MAGMA. Since Young’s implementation
had some problems when dealing with groups of large order (or permutation groups
of large degree), the author modified and added several new ideas. Thus the author
produced a relatively efficient implementation of the resulting algorithm.

Besides this short-word-generator algorithm, another algorithm for getting a
short word for an element of a group with given generators is also presented in
the first section of this thesis. For each algorithm, the description and its MAGMA
implementation are given.

These new algorithms are indeed crucial in the author’s construction of Fiog; they
are not just for documentation.They provide a successful method for constructing
the 2-fold cover 2 Figss where Holt’s Algorithm failed.

For readers who would like to find more background materials for this thesis,
they should see Holt’s book [7] for computational group theory, and Michler’s book
[12] for algorithmic representation theory of finite simple groups.
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1. ALGORITHMS

In this section, a finite group G is always assumed to be realized as a permutation
group or a matrix group. This allows us to compute the orders of elements and
subgroups of G, and check equalities.

Before going into the actual algorithms, it is natural to have definitions of some
vocabulary: ‘word-tree’; ‘length of a word’, ‘short-word’, ‘lexicographic order of
words’, and so on. The following definition, as stated in Definition 5.3.9 of [12], is
due to M. Kratzer.

Definition 1.1 (Word Tree, Word Length). Let G be a finite group. Let {g1, g2,
... gk} be a fized set of generators for G. The infinitely deep k-nary tree C(G) in
which the root vertexr is marked by the identity 1g € G and the k successors of each

vertex are marked successively by g1, 9o, ..., gk 1S called the “complete word tree of
G”:

\ \ \ \ \ \ \ \

There is a canonical one-to-one correspondence between vertices in C(G) and
words in generators of G: For any vertex v of C(G) let w, denote the incremental
product of the vertex markers occurring along the direct path from the root vertex
to v in C(G). Conversely, starting from the root vertex and reading a given word
w=w(g1,4ga,-..,gk) in generators of G like a sequence of directions guides one to
the unique vertex vy, in C(G) such that w,, = w.

The “length” of a word w is the depth of the unique vertex v,, corresponding to
w in the word tree C(G), i.e. the number of steps needed to reach the vertezx v,
from root verter. For example, the word g3gsgs has length 4.

Now, a “short-word” refers to a word of short length, though notion of “short”

might not be consistent. To simplify arguments, we may look only at the indices of
the generators. That is, g?g3g2 can be identified with [1,1,3,2]. Precise definition
of this idea is as follows:
Definition 1.2 (Numerical Word). A “numerical word of k generators” is a fi-
nite sequence (can be empty sequence) of integers in {1,2,...,k}. For example,
[5,1,2,2,2,3,4,4,5] is an example of a numerical word of 5 generators, as well as
a numerical word of 6 generators, but not a numerical word of 4 generators.

Let {g1,92,--.,9x} be a fixed set of generators of a finite group G. Then, if we
identify each g; with 4, there is a natural one-to-one correspondence between the
set of all numerical word of k generators and C(G). For example, the word g; g3 g2g3
corresponds to the numerical word [1,4,4, 4,2, 3, 3].

Now we can define a total ordering on C(G), i.e. on the set of all finite words in
the given (ordered) generators g1, ga, ..., gk of G.
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Definition 1.3 (Lexicographical Order). Let {g1,92,...,9r} be a fized set of gen-
erators of a finite group G. Let v, and v, be the vertices of C(G), corresponding
to distinct words u and w in gi,92,...,gn, respectively. Let N, and N, be the
numerical words of k generators corresponding to v, and vy, respectively (each g;
is identified with i). Then, u < w if and only if one of the followings hold (this is
called “lexicographic order”):

(1) length of u < length of w
(2) length of u = length of w, and Ny[n] < Ny[n] holds, where n is the smallest
number such that Ny[n] # Ny[n].

Remark 1.4. Ifu and w are distinct words of G (in given generators), then exactly
one of u < w or w < u holds.

The main algorithm is named GetShortGens; for any finite group G with given
set of generators, for any subgroup S of G, this algorithm returns a short-word
generating set for S in terms of the given generators. It needs three other small pro-
grams, named EnumWords, ReduceGensForGroup and Word2E1t. All four programs
are described below, with description of the algorithms and their implementation
in MAGMA. The first algorithm EnumWords enables us to descend one level deeper
in the word tree:

Algorithm 1.5 (EnumWords). Let k be the number of given generators for the
finite group of interest. Let W be a sequence of pre-built numerical words in k
generators. Let s,e be integers s.t. 1 < s <e < #W (s for “start”, e for “end”).
Then, we can get a new sequence Wy of numerical words by adding new words to
W, where the new words are obtained by appending 1,2,...,k at the end of the
words Ws],W[s+1],...,W]e].

Implementation 1.6 (EnumWords).
function EnumWords(W, st_end, nGens)

local NewW, Newst_end;

NewW = W;
if #NewW eq 0 then
NewW := [[i] : iin [1..nGens]];
Newst_end := [1, nGens];
else
for i:=st_end[1] to st_end[2] do
for j:=1 to nGens do
Append(~NewW, Append(WI[i],j));
end for;
end for;
Newst_end := [st_end[2]+1, #NewW];
end if;
return NewW, Newst_end;

end function;

Example 1.7 (EnumWords). MAGMA code

> W:=[ [1,3,4], [3,3,2], [2,11, [4] 1;
> s:=2; e:=3;

> W:=EnumWords (W, [s,el, 4);

> W;

[ [1,3,4], [3,3,2], [2,1], [4], [3,3,2,1], [3,3,2,2], [3,3,2,3],
(3,3,2,41, [2,1,1], [2,1,2], [2,1,3], [2,1,4] ]
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The next algorithm ReduceGensForGroup gives a method to reduce the given
set of generators as much as possible, while our subgroup of interest still should lie
inside the subgroup generated by the reduced set of generators:

Algorithm 1.8 (ReduceGensForGroup). Let G be a finite group generated by the
given generators g1, ga, - .., gk. For any subgroup S of G, a subset of {g1,92, ..., 9k}
which generates a subgroup of G containing S is obtained by the following method:

[Reducing original generators] If there is some i € {1,2,...,k} such that the set
{91, 9i=1,Gi+1,---, gk} generates a subgroup of G containing S, pick the largest
such i. Now, call this function ReduceGensForGroup recursively, with same G

and S, with reduced set of generators gi,...,gi—1,9i+1,---, gk (With corresponding
names). If there is no such i, then return the original set gi,gs, ..., gr, with their
names.

Implementation 1.9 (ReduceGensForGroup).
function ReduceGensForGroup(G, Target : wordgens:=[], gencollection:=[1..#Generators(G)],
exclude:=sub(G|),CoverGroup:=QG)

local reducedlist;

if #wordgens eq 0 or #Generators(G) ne #wordgens then
wordgens:=[(“$.” cat Sprint(i)) :i in [1..#Generators(G)]];
end if;
for i:=1 to #Generators(G) do
reducedlist := Exclude([1..#Generators(G)],#Generators(G)+1-i);
if (Target meet sub(CoverGroup|[G.j : j in reducedlist],exclude)) eq Target then
return ReduceGensForGroup(sub(G|[G.j : j in reducedlist]), Target :
wordgens:=[wordgens[j] : j in reducedlist], gencollection:=[gencollection[j]: j in
reducedlist],exclude:=exclude,CoverGroup:=CoverGroup);
end if;
end for;
return G, wordgens, gencollection;

end function;

The following algorithm Word2Elt converts a numerical word to the correspond-
ing actual element of the group:

Algorithm 1.10 (Word2Elt). Let G be a finite group generated by the given gener-
ators g1, 92, - .., gr- For any numerical word w in k generators, return the element
in G corresponding to the word w by the following steps:

Step 1 Let e = 1, the identity element of G.

Step 2 If w is an empty word, return e. If not, and if w can be written as
w = a1, ag,...,ay] where a; € {1,2,...,k}, then let e :== e - gq,.

Step 3 Let w := [ag,as,...,an], and go to Step 2.

Implementation 1.11 (Word2Elt).
function Word2Elt(G, word)

local elt;

elt := Id(G);

for i:=1 to #word do
elt := elt * G.word][i];

end for;

return elt;

end function;
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Example 1.12 (Word2Elt). MAGMA code (Note: MAGMA composes two permu-
tations from left, not from right)

> G:=sub<Sym(3) | Sym(3)!(1,2), Sym(3)!(1,2,3)>;

> Word2Elt (G, [1,2,2]);

(2,3)

Finally, the next algorithm GetShortGens enables us to obtain a short-word
generating set for a subgroup of a group with given generators:

Algorithm 1.13 (GetShortGens). Let G be a finite group generated by the given
generators g1, 9ga, - - -, gi- For any subgroup S of G, a generating set of S consisting
of short-word elements of G in terms of g1,92, ..., gk is obtained by the following
steps:

Step 1 [Reducing original generators] If desired, try to get a subset of {g1, g2,
..+, gk} which generates a subgroup of G containing S, using the command
ReduceGensForGroup. For convenience, suppose that the set of generators gy, g2,
.., gk 18 already a result of this reducing process.

Step 2 [Building word list, and finding generators]

(1) Set F = (1) (trivial subgroup).

(2) Let W =[[1],[2],--..,[K]], the set of words, initially set to have only simplest
numerical words of k generators of length 1.

(3) Take the word w in W of lowest lexicographic order which is not checked
yet, and let x = Word2E1t(G,w), the element of G corresponding to the
word w. If there is some m € {1,2,...,0rder(w) — 1} such that w™ € S
and w™ ¢ F, then enlarge F by F := (F,w™).

(4) If F = S, then proceed to Step 3. If not, enlarge W by appending 1,2, ...k
to all words of W of longest length, using the command EnumWords (this is
same as descending one level deeper in the word tree). Now, go to (3).

Step 3 [Printing] Print the words obtained.

Implementation 1.14 (GetShortGens).

function GetShortGens(G, Target : exclude := sub(G|), limit:=0, wordgens:=[1, Words:=[],
startpoint:=1, powers:=:=[1], Hard:=true, OrderRestriction:=[], CoverGroup:=G,
generatecheck:=true, auto:=true, EltReturn:=false, ReduceMore:=true)

local gens, iter, st_end, tempelt, tempord, temppow, WordsSoFar, WordsNumSoFar,
gencollection, SubgroupSoFar, generatingset;

gens := Generators(G);

function GetGeneratingSet(WordsForGenerators)
return [Word2Elt(G,WordsForGenerators|i][1]) “WordsForGenerators[i][2] :
i in [1..#WordsForGenerators]];

end function;

if generatecheck and Target meet sub(CoverGroup|G,exclude) ne Target then
print “can’t generate subgroup”;
return “”;

end if;

if #wordgens eq 0 or #Generators(G) ne #wordgens then
if #wordgens ne 0 and #Generators(G) ne #wordgens then
print “the number of generator names you provided is incompatible
with the number of generators of the group, so re-building names”;
end if;
wordgens:=[(“$.” cat Sprint(i)) :i in [1..#Generators(G)]];
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end if;

if Hard then
print "Reducing Generators...”;
time G, wordgens, gencollection := ReduceGensForGroup(G, Target :
wordgens:=wordgens,exclude:=exclude,CoverGroup:=CoverGroup);
printf “Using only %o generators %o, out of %o 7, #Generators(G),wordgens,#gens;
gens := Generators(G);
else
gencollection := [1..#Generators(G)];
end if;

Include(~powers,1);
Sort(~powers);

WordsSoFar:=[];

WordsNumSoFar:=(];

SubgroupSoFar := Target meet exclude;
iter:=0;

while limit eq O or iter It limit do
if #gens eq 1 and iter ge Order(G.1) then
print “use other method”;
return “7,[];
end if;

iter:=iter+1;

printf “%o-th iteration\n”iter;

if #Words eq 0 then
Words, st_end := EnumWords({[],[1,1],#gens);
startpoint:=1;

end if;

for j:=startpoint to #Words do
if #OrderRestriction eq 0 then

tempelt := Word2Elt(G, Wordslj]);

if auto then powers:=[1..(Order(tempelt)-1)]; end if;

if exists(temppow){x : x in powers| tempelt”“x notin SubgroupSoFar

and tempelt”x in Target} then
Append(~WordsSoFar, WordPrint(Words|j], wordgens:power:=temppow));
Append(~WordsNumSoFar, ([gencollection[Words][j][k]]:k in [1..#Words[j]]],

temppow));

printf “Got a new elt: %o\n”, WordsSoFar[#WordsSoFar|;

SubgroupSoFar := sub(Target|SubgroupSoFar, Word2Elt(G,Words[j]) “temppow);

if SubgroupSoFar eq Target then
printf “Got a generating set.\n”;
if ReduceMore then
print “Getting a smaller generating set...”;
time G, wordgens, gencollection :=
ReduceGensForGroup(sub(G|GetGeneratingSet(WordsNumSoFar)), Target :
wordgens:=|],exclude:=exclude,CoverGroup:=CoverGroup);

printf “Resulting set has %o generators, out of %o\n”, #wordgens,#WordsSoFar;

printf “subcollection indices:%o0\n” ,gencollection;
gens := Generators(G);
end if;

WordsSoFar := [WordsSoFar|[gencollectionli]] : i in [1..#gencollection]];

WordsNumSoFar := [WordsNumSoFar[gencollectionli]] : i in [1..#gencollection]];

if not EltReturn then
return WordsSoFar, WordsNumSoFar;
else

return WordsSoFar, WordsNumSoFar, GetGeneratingSet(WordsNumSoFar);

end if;
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end if;
end if;
else // if there is some restriction on orders
tempelt := Word2Elt(G, Words[j]);
tempord := Order(tempelt);
for ord in OrderRestriction do
if tempord mod ord eq 0 then
temppow := Integers()!(tempord/ord);
if tempelt"temppow notin SubgroupSoFar and tempelt”"temppow in Target then
Append(~WordsSoFar, WordPrint(Words[j|,wordgens:power:=temppow));
Append(~WordsNumSoFar, ([gencollection[Words|[j][k]]:k in
[1..#£Words(j]]],temppow));
printf “Got a new elt of order %o: %o\n”,ord, WordsSoFar|[# WordsSoFar|;
SubgroupSoFar := sub(Target|SubgroupSoFar, Word2Elt(G,Words[j]) “temppow);
if SubgroupSoFar eq Target then
printf “Done.\n”;
if not EltReturn then
return WordsSoFar, WordsNumSoFar;
else
return WordsSoFar, WordsNumSoFar, Generators(SubgroupSoFar);
end if;
end if;
end if;
end if;
end for;
end if;
end for;
Words, st_end := EnumWords(Words, st-end, #gens);
startpoint := st_end[1];
end while;

print “Couldn’t generatate group”;
return WordsSoFar;
end function;

Example 1.15 (GetShortGens). MAGMA code

gl:=Sym(8)!(1,2); g2:=Sym(8)!(1,2,3,4,5,6,7,8);
G:=sub<Sym(8) |gl,g2>;

S := sub<Sym(8)| Sym(8)!(1,3,6)(2,4), Sym(8)!(1,7,8)(2,5)>;
res := GetShortGens(G,S : wordgens:=[‘‘gl’’, ‘g2’’]);

res;

[ (g2%glxg274)"5, (gl*g2xgl*g2~4)~3, (glxg2 3*gl*g2*gl) 2,
(gl*g2*xglxg2*glxg2~3%gl) "3 ]

V V V Vv V

For a given element of a finite group with a given generating set, it is of-
ten important to obtain a short word for the element in terms of given gener-
ating set. This element-version (as opposed to subgroup-version: GetShortGens)
of short-word program is named LookupWord, and it needs a different version of
ReduceGensForGroup which is called ReduceGensForElt. It is designed for finding
a word of an element; it reduces the given set of generators as much as possible,
while the element of interest still should lie inside the subgroup generated by the
reduced set of generators:

Algorithm 1.16 (ReduceGensForElt). Let G be a finite group generated by the
given generators gi,9a, ..., gk. For any element x of G, a subset of {g1,92,---, 9k}
which generates a subgroup of G containing S is obtained by the following method:

[Reducing original generators] If there is some i € {1,2,...,k} such that the set
{91, 9i—1,Gix1,-- -, gk} generates a subgroup of G containing S, pick the largest
such t. Now, call this function ReduceGensForElt recursively, with same G and S,
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with reduced set of generators gi,...,Gi—1,Gi+1,---, gk (with corresponding names).
If there is no such i, then return the original set g1, go, ..., gk, with their names.

Implementation 1.17 (ReduceGensForElt).
function ReduceGensForElt(G, TargetElt : wordgens:=[], gencollection:=[1..#Generators(G)])

local reducedlist;

for i:=1 to #Generators(G) do
reducedlist := Exclude([1..#Generators(G)],#Generators(G)+1-i);
if TargetElt in sub(G|[G.] : j in reducedlist]) then
return ReduceGensForElt(sub(G|[G.j : j in reducedlist]), TargetElt :
wordgens:=reducedlist], gencollection:=[gencollection]j]:j in reducedlist]);
end if;
end for;
return G, wordgens, gencollection;
end function;

The algorithm LookupWord enables us to obtain a short word for an element of
a group with given generators:

Algorithm 1.18 (LookupWord). Let G be a finite group generated by the given
generators g1,9a2,---,95. For any element x of G, a short word for x in terms of
91,92, - .-, gk is obtained by the following steps:

Step 1 [Reducing original generators] If desired, try to get a subset of {g1,
92, ---, gk} which generates a subgroup of G containing x, using the command
ReduceGensForElt. For convenience, suppose that the set of generators g1, ga, - . -,
gr. 15 already a result of this reducing process.

Step 2 [Building word list, and finding generators]

(1) Let W =[[1],[2],-..,[K]], the set of words, initially set to have only simplest
numerical words of k generators of length 1.

(2) Take the word w in W of lowest lexicographic order which is not checked
yet, and let y = Word2E1t (G,w), the element of G corresponding to the
word w.

(3) Let r = Order(y) and s = Order(z). If s{r, go to (5).

(4) If there is some m € {t € Z|1 < t < s,gcd(t,Order(zx)) = 1} such that
w"™/5 = x, then proceed to Step 3.

(5) Enlarge W by appending 1,2,...,k to all words of W of longest length,
using the command EnumWords (this is same as descending one level deeper
in the word tree). Now, go to (2).

Step 3 [Printing] Print the words obtained.

Alternative option : The above algorithm finds a short word which is equal to
the given element. A similar algorithm can be used to find a short word which is
conjugate to the given element: in Step 2(4), we look for m such that w™™/* is con-
Jugate to x (the equality test is replaced by the conjugacy test). This option is incor-
porated in the following implementation, as the hidden parameter ConjugateCheck;
if we set ConjugateCheck:=true, then the following program finds a short word
which is conjugate to the given element.

Implementation 1.19 (LookupWord).
function LookupWord(G, TargetElt : limit:=0, wordgens:=[], Words:=[|, st_end:=[],

startpoint:=1, Hard:=true, ConjugateCheck:=false, CoverGroup:=G@G, containcheck:=true,
InfoLevel:=2)

local Ord, gens, iter;
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local tempelt, tempord, temppow;

Ord := Order(TargetElt);
gens := Generators(G);

if containcheck and TargetElt notin G then
print “CoudlIn’t find a word for it”;
return “”;

end if;

if TargetElt eq Id(G) then
if InfoLevel gt 1 then print “it is the identity!”; end if;
return “Id($)”, ([].1);

end if;

if #wordgens eq 0 or #gens ne #wordgens then
for i:=1 to #gens do
Append(~wordgens, “$.” cat IntegerToString(i));
end for;
end if;

if Hard and not ConjugateCheck then
print “Reducing Generators...”;
time G, wordgens, gencollection := ReduceGensForElt(G, TargetElt : wordgens:=wordgens);
printf “Using only %o generators %o, out of %o 7, #Generators(G),wordgens,#gens;
gens := Generators(G);
else
gencollection := [1..#Generators(G)];
if #wordgens eq 0 or #Generators(G) ne #wordgens then
wordgens:=[(“$.” cat Sprint(i)) :i in [1..#Generators(G)]];
end if;
end if;

iter:=0;
while limit eq O or iter It limit do
iter:=iter+1;
if InfoLevel gt 1 then
printf “%o-th iteration\n”,iter;
end if;
if #Words eq 0 or #st_end eq 0 then
Words, st_end := EnumWords([],[1,1],#gens);
startpoint:=1;
end if;

for j:=startpoint to #Words do
tempelt := Word2EIt(G, Wordslj]);
tempord := Order(tempelt);
if tempord mod Ord eq 0 then
temppow := Integers()!(tempord/Ord);
for addi in [a:a in [1..0rd]|GCD(a,0Ord) eq 1] do
if tempelt” (temppow*addi) eq TargetElt then
if InfoLevel gt 1 then print “Got a word (exact)”; end if;
return WordPrint(Words|j], wordgens:power:=(temppow*addi)),
([gencollection[Words(j][k]]:k in [1..#Words[j]]], temppow*addi);
elif ConjugateCheck and IsConjugate(CoverGroup,tempelt” (temppow*addi), TargetElt)
then
if InfoLevel gt 1 then print “Got a conjugate word (new ver)”; end if;
return WordPrint(Words[j], wordgens:power:=(temppow*addi)), ([Words[j][k]:k in
[1..#Wordslj]]], temppow*addi);
end if;
end for;
end if;

end for;
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Words, st_end := EnumWords(Words, st_end, #gens);
startpoint := st_end[1];
end while;

print “Couldn’t find a word”;
return “7;

end function;

Example 1.20 (LookupWord). MAGMA code

> g1:=Sym(8)!(1,2); g2:=Sym(8)!(1,2,3,4,5,6,7,8);

> G:=sub<Sym(8) |gl,g2>;

> x := Sym(8)1(2, 8, 7, 6, 4, 3);

> res := LookupWord(G,x : wordgens:=[‘‘gl’’, ‘g2’’]);
> res;

glxg2~4*glxg2”3

Sometimes, the subgroup or the element that we want to get short words of
lies too deep inside the group (whose generators are given), so GetShortGens or
LookupWord doesn’t work well. For example, if an element x can’t be represented
by a word of length< 24 in terms of given generators, then LookupWord either takes
too long a time to get the word for z, or causes memory overflow due to too much
required space for all the words built up so far. The author found a strategy to
overcome this issue, described as follows.

The strategy needs a proper subgroup 7" of G, which contains the target subgroup
S or the target element x. A standard trick to get such T is to take the normalizer
of S in G, the centralizer of  in G, or the normalizer of (z) of G.

Strategy 1.21 (two-step GetShortGens). Let G be a finite group generated by
the given generators gi,ge,...,gk- For any subgroups S and T of G such that
S ST < G, a short-word generating set of S in terms of g1, g2, ..., gk is obtained
by the following steps:

Step 1 [Generators for T| Get short-word generators t,ta, ... t, for T in terms
of 91,92, ..., 9k using GetShortGens.

Step 2 [Generators for S] Get short-word generators for S in terms of t1, ta,
..., ty using GetShortGens.

Strategy 1.22 (two-step LookupWord). Let G be a finite group generated by the
given generators gi, 92, - -.,gk. For any element x € G and a subgroup T of G such
that x € T S G, a short word for x in terms of g1,9a,...,gx s obtained by the
following steps:

Step 1 [Generators for T| Get short-word generators tq,ta, ..., t, forT in terms
of 91,92, ..., gk using GetShortGens.

Step 2 [Short Words for x] Get short word for x in terms of t1,ta, ..., t, using
LookupWord.

The above two strategies are used throughout this thesis and therefore constantly
referred to. Note that sometimes it can be helpful to iterate the strategies many
times. For example, for a subgroup S of G, it can be a good idea to try to find sub-
groups 77 and T3 such that S S T7 S 75 S G and then find short-word generators
for Ty, T, and finally S in turn.
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2. MICHLER’S ALGORITHM

In this section, G. Michler’s Algorithm 2.5 of [11] is presented. This algorithm
gives a uniform method to construct all finite simple groups (not having Sylow 2-
subgroups which are cyclic, dihedral or semi-dihedral), from indecomposable sub-
groups of GL,,(2). The author’s algorithms described in the previous section are
used to implement this algorithm of Michler. In particular, in this thesis, Fiog is
constructed by the following algorithm.

Algorithm 2.1. Let T be an indecomposable subgroup of GL,,(2) acting on V = F™
by matriz multiplication.

o Step 1: Calculate a faithful permutation representation PT of T and a finite
presentation T = (t; |1 < i <) with set R(T) of defining relations.

e Step 2: Compute all extension groups E of T by V by means of Holt’s
Algorithm [7]. Determine a complete set & of non isomorphic extension
groups E by means of the Cannon-Holt Algorithm [14].

e Step 3: Let £ € &. From the given presentation of E determine a faithful
permutation representation PE of E. Using it and Kratzer’s Algorithm
5.3.18 of [12] calculate a complete system of representatives of all the con-
jugacy classes of E.

o Step 4: Let z # 1 be a 2-central involution of E. Calculate D = Cg(z) and
fix a Sylow 2-subgroup S of D. Check that the elementary abelian normal
subgroup V' of E is a maximal elementary abelian normal subgroup of S.
If it is not mazimal, then the algorithm terminates.

e Step 5: Construct a group H > D with the following properties:

(a) z belongs to the center Z(H) of H.
(b) The index |H : D| is odd.
(¢) The normalizer Ng(V) = D = Cg(z).
If no such H exists the algorithm terminates.

Otherwise, apply for each constructed group H the following steps of
Algorithm 7.4.8 of [12]. By step 5(c) it may be assumed from now on that
D=HNE.

After the Step 5, the remaining steps are identical to Algorithm 7.4.8 of [12], so
omitted here.
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It will be shown that the applications of

Algorithm 2.1 to F; and Es fail. Therefore only the constructed presentation of F

is given in Lemma 3.1.
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(a,b,c,d,t,g,h,i,7) be the finitely presented group with

set of defining relations R(Mag) given in Definition 8.2.1 of [12].

ing statements hold:

3. EXTENSIONS OF MATHIEU GROUP M3

GF(2) will be considered. Todd’s permutation representations of the

Mathieu groups are stated in Lemma 8.2.2 of [12]. Therefore all conditions of Holt’s
Algorithm [7] implemented in MAGMA are satisfied. It is applied here. Thus it is

Lemma 8.2.2 of [12].
(b) The first irreducible representation (p1,V1) of Mas is described by the fol-

Here only the 2 non isomorphic simple modules V;, i = 1,2, of dimension
lowing matrices:

The Mathieu group Mo is defined in Definition 8.2.1 of [12] by means of genera-
tors and relations. This beautiful presentation is due to J.A. Todd. The irreducible
(a) A faithful permutation representation of degree 23 of Mag is stated in

2-modular representations of the Mathieu group Ms3 were determined by G. James

8].
of Mas by Vi, the split extension E; and the non-split extension E and that Mas

shown in this section that for the simple module V; there are exactly two extensions

has only the split extension Fs by V5.
Lemma 3.1. Let Mog
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(c) The second irreducible representation (pa,Va) of Mas is described by the
transpose inverse matrices of the generating matrices of Mas defining

(p1,V1):

(d) dimF[H2(M23,V1)] =1 and dimF[HQ(Mgg,VQ)] =0.

(e) The presentations of the split extensions Ey and Es of Mas by Vi and
Va, respectively, can be constructed from the matrices of (b) and (c) using
MAGMA.

(f) The unique non-split extension E of Mas by Vi has the presentation

E = (ay,b1,c1,d1,ty, g1, hasin, ji, v | 1 <0 < 11)

with set R(E) of defining relations consisting of the following set of re-
lations:

ai=bi=cl =di =t} =gl =i =4 =1,

(b1,a1) = (c1,a1) = (d1,a1) = (h1,01) = (c1,b1) = (dy,b1) = (d1,¢1) = 1,
(j1,01) = (J1,c1) = (J1,91) = 1,

vle for 1<r <11,

(vp,vs) =1 for 1<rs<I1l,

-1 -1,-1,-1 -1 -1, -1 _ -1 -1, -1, -1
ay Va1V, V5 Vg Ug Vg Vg = aj V2a1V; Vs U

vg tug oot =1,
aflvg,alv;l = aflvmlvgl = aflv4alv§1v471vg1v771vglvfol =1,

aflvg,alvflv;lvgl
(a1,v6) = (a1,vs) = (a1,v9) = (a1,v10) = (a1,v11) = 1,

-1 -1 -1 -1 -1 -1 -1 -1
b1 ’U1b11)2 :bl ’U2b1U1 :bl Ugb11}5 Zbl U5b11}3 :1,

1 -1, -1 _
V7 Uy vy =1,

~1 -1, -1, ~1 -1 -1 -1 —1
by “vabivy vy vy vg vg vg vy =1,

(blvvgl) = (bl’vgl) = (blvvgl) = (bl’vi)l) = (bl’vﬁl) =1,

1 1 1 1

=c] 1)261’03_1 =1,

1

—1 -1, -1 ~1 -1 -1 —1_ 1 -
by “urbiv] vy wg vr Vi U = €] ViCiVg

61_1’0301’1)2_1 = 01_11)5011)1_1 = 61_1’0461’01_11}4_11)5_ vﬁ_lvg_lvl_ll =1,
(clvvf)‘_l) = (Cl,vs_l) = (61,1]9—1) = (61,1}1_01) = (Cl’vl_ll) =1,

01_111701112_111511)7_11)8_1119_1111_01111_11 = dl_1vld1112_1v3_1v21vg1v7_1vl_11 =1,
dflvgdlvflvglvglvglv;lvglvgl = dflvgdlvglvglvglvglvglvfol =1,
dytvgdivst = di wrdio)t = di esdyvy tog tog tos teg Tojgtot =11,
(d1,v57) = (d,v57) = (di,v57) = (d1,v1g) = (du,v5y) = 1,
1”6_1”8_1”9_1
1

-1 -1, -1 _ ,—1 -1 _ 41 -1, -1, — -1 _
1 vitivy vy T =1t vetivg T =t vativy v g vy =1,

-1 -1, -1 -1 -1 -1 _ ,—1 -1, -1, -1, -1, —1 —1 _
1] u3tivy vy vg vy vy =t vat1v] vy vy vs vy vg o = 1,
-1 -1, -1 -1 -1 -1, -1 -1 _ ,—1 -1, -1, -1, -1, —1, -1 _

11 "Ust1Vg U3 U4 Vs Uy Vg Uy =1t] U7tV Uy U4 Vg Vg Vig = 1,

-1 —1, -1 _ 4—1 —1,-1 _ ;—1 ~1,-1 _ ;—1 -1, -1
1] "vstivg “vg - =1t vgl1vg Vg =t] viotiVg Vig =t] viit1vg vy; = 1,
1

—1 —1 -1 —1 —1, -1 —1 -1, -1, -1 -1 -1 —1 -1
g1 V1105 Uy = gp V2g1U1 Uy =gy V3giUy Uy Vg Vg U Vg Vg =1,
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(91, 04) = gflvwwflvg_lvilva_lv?lvfolvﬂl =1,
g1 'vegroy tug tug oy tog oyt = 91 Yorgivg oy toy 11’7 1”8 1”9 Yoot =1
g1 'vsgroy tvg tog o vt = g5 teegiug tug oy teg tepglo! = 1,

g1 'vi0g1vy it = g1 fongiog togyt = A i haoy gt =1,

1

)

hf1v4hlvglv;1 = (hy,v6) = hflvghlvflvglvglvg vﬁl =1,

hi tughivg oy e tug torh = Ry tushoor toy fos tegtot =11,
hitvrhivg fogt = hi tughyvg torgt = by fuehavg tug b = 1,
hitviohivg tog b = hi tonhvg fot = i toriey toy eg teg ot =1,
iy wgiyvg tug =i gy tog =i tesigeg teg =1,

i gty toy g tog oyt = 1, (i, v6) = 1,

i borirvy oy o g eyt =i oo ot =i esieg gt =1,
iflvgilvglvgl = i;lvloz’lvflv;lvglvglvglvﬁl =1,

g1 tvgivg b =g eagior = g oyt = (G, va) = (i vs) = 1,

- B L S U T |
(Jl,vlo):h UsJ1U3 - = J1 VeJiVg = J; Voj1vg =1,

-1, -1, -1 -1 -1, -1, =1 _ .—1 . -1 -1 -1 -1 —1 —1 —1
Ji Moz U3 U7 Us Vg V1o V1r = J1 V1LJ1Vy Yy U3 Vs Vg Vg Uy = 1,
_ -1 -1 -1, -1 —1 _
trtartidy ey g tog =t bitdy ey tog tog P =11,

1 1

tT ertd o g tug T =t Y dytiey oy e oy oy tog ey
2 —1 -1 -1 -1 -1 —1 _ 3, -1, —1 _
g1ty U3 ”8 vy Ui vy = (g1a1) vig vy = 1,

-1, -1 -1 -1 -1 3 Y-
(glbl) v v2 vy vy Vg vy = (g1c1)” =1, (i1j1)° =1

—1
vy~ =1,

-1, -1, -1, -1, —1
(g1t1)v7 Moz tog togo = 1,
h1v6 =1, h_lblh d_lb_lal_lvl_lvglvg_lvgl = 1,
hiterhier tay oy toy tog v5 Yog gt = hitdihyd togt =1,

—1

hi'tihativgt = (gih1)®v3 oy tog tuggugt =1,

1 o1 —1 1 -1 -1 -1 -1, -1 —1 —1 _
1] artid] ep V] Uy Vg Vs Vg Uy Vg V1 = 1,

1y o1 -1 -1 -1 -1 -1, -1, -1 —1 —1 _

1] biiidy Tay vy vy Vg U5 g Vg Vg U1 = 1,

1, o1 -1;-1 -1 -1 -1 -1 -1 -1 -1 —1 —1 _
1] crirdy ey by ay vy vy Vs Vg g Vg Up V1 = 1,

1+ o1 131 _ =1y, o, _ =1 _ . 1,1 -1 -1 —1 -1 -1 —1 _
1; diind] ey by =147 tiiits =1 G119 t] V5 Vg Ur Vg Vi V1 = 1,

N3 -1 -1 -1 -1 -1 -1 -1 _ .—1_ . —1,-1 —1
(hyi1) vy vy w3 V5 Vg vg v =Jp aijic; by ay =1,

g tdijidy e oy oy tog oy ot t = it = 1, G gy et = 1

Proof. The 2 irreducible F' Mays-modules V;, i = 1,2, occur as composition fac-
tors with multiplicity 1 in the permutation module (1r,,)*2* of degree 23 where
Moy = {a1,b1,¢1,d1,t1, 91, h1,41). They are dual to each other. Using the faith-
ful permutation representation of Mays stated in (a) and the Meat-axe Algorithm
implemented in MAGMA one obtains the generating matrices of Maz stated in (b)
defining V;. Their dual matrices define V5. They are stated in (c).

(d) The cohomological dimensions dimp[H?(Ma3,V;)], i = 1,2, have been cal-
culated by means of MAGMA using Holt’s Algorithm 7.4.5 of [12]. Its hypothe-
sis is satisfied by the presentation of Mass stated in Definition 8.2.1 of [12] and
all the data of (a), (b) and (c). It follows that dimp[H?(Ma3,V1)] = 1 and
dimF[Hg(Mgg,, Vg)] =

(e) This statement is checked easily with MAGMA.
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(g) The presentation of the non-split extension E has been obtained by means
of the commands ExtensionProcess and Extension of Holt’s Algorithm 7.4.5 of
[12] implemented in MAGMA [7]. This completes the proof.

O

The first statement of the following subsidiary lemma is mainly due to Paul
Young.

Lemma 3.2. With the notations of Lemma 3.1 the following statements hold:

(a) The non-split extension E of Mag by its simple module Vi has a faithful
permutation representation PE of degree 1012 with stabilizer U generated
by the two elements (i7" jy 'b1g1)? and (i] 'bit hy ).

(b) E = (a1,b1,c1,di,t1,91,h1,01, 51)-

(¢) E has 3 conjugacy classes of 2-central involutions. They are represented
by 21 = (dig1)®, 22 = h3 and z3 = g?. Their centralizers have orders
|Cr(z1)| =2'%.32.5-7-11, |Cr(22)| = 2'¥-32.5-7 and |Cr(z3)| = 2'8-32.5.

(d) D =Cg(z1) = (x1,y1) and E = (D, e1) where x1 = a1, y1 = bigih1i1 and
e1 = j1 have respective orders 2, 14 and 2.

(e) E = (x1,y1,e1) has 56 conjugacy classes. A system of representatives is
giwen in Table A.1.

(f) D = (x1,y1) has 69 conjugacy classes. A system of representatives is given
in Table A.2.

(g) The character tables of E and D are given in Tables B.1 and B.2, respec-
tively.

Proof. (a) The two generators of the stabilizer U have been found by means of a
program due to P. Young. Using the MAGMA command CosetAction(E,U) one
obtains a faithful permutation representation PFE of E with stabilizer U and degree
1012.

(b), (c) and (d) These statements are easily checked using the permutation rep-
resentation PE and MAGMA.

(e) and (f) The faithful permutation representation PE of E, MAGMA and
Kratzer’s Algorithm 5.3.18 of [12] are employed to calculate a system of repre-

sentatives of all conjugacy classes of D and E in terms of their generators given in
(d). The results are stated in Tables A.1 and A.2.

The results of (g) were computed by means of MAGMA.
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4. CONSTRUCTION OF THE 2-CENTRAL INVOLUTION CENTRALIZER OF Fiog

Let z1 denote the central involution of the extension F of Mss defined in Lemma
3.1 and let D = Cg(z1). Then in the following subsidiary result it is shown that
Dy = D/(z) is isomorphic to the extension Ey = E(Fige) of Lemma 3.1. As
proved in [9], the Fischer’s simple group G; = Fiss can be contructed from the
group D; by Algorithm 7.4.8 of [12]. Unfortunately, (in 2007) MAGMA was not
able to perform all steps of Holt’s Algorithm to establish the 2-fold cover H of
(1 from the presentation of the given group G;. Therefore the author constructs
first all the central extensions Ha of the centralizer H; = Cg,(t) of a 2-central
involution ¢ of G by a cyclic group of order 2. It will be shown that one of them
has a Sylow 2-subgroup which is isomorphic to the ones of D. Thus Hy which will
be a subgroup of H is uniquely determined up to isomorphism.

The group H, with center Z(H) = (z1) such that H/Z(H) = Fiag, isomorphic to
the centralizer of a 2-central involution of the target group &, is then constructed by
means of Algorithm 2.1 as a matrix subgroup $) of GL352(17). In this way a faithful
permutation representation representation of degree 28160 and a presentation of H
are built. All these results are described in this section.

Proposition 4.1. Keep the notations of Lemma 3.1 and 3.2, and let

E = {(a1,b1,c1,d1,t1, 01, h1,01, 71,01 < i < 11) be the nonsplit extension of Mas
by its simple module V1 of dimension 11 over F = GF(2), and D = Cg(z1), where
21 = (d1g1)®. Then the following statements hold:

(a) z1 = (d1g1)® is a 2-central involution of E with centralizer D = Cg(z1) of
order 218 -32.5.7-11.

(b) D = (x1,y1), 21 = (11y?)" and E = (D, ey), where x1 = a1, y1 = b1g1hii
and e1 = j1 have respective orders 2, 14 and 2. D has a center of order 2,
generated by z1.

(c) V is a unique normal subgroup of D of order 2'1. V is elementary abelian,
and has a basis B = {z1,v; | 1 <i <10}, where

v = yI, V2 = (901?/1%1)77 vz = ($1y1xly%)87 Vg = (5519%3?1.@1)8,
vs = (a1yie1)®, v = (zrpa1yt)®, v = (z1yiTy)°,

vs = (z197)", wo = (mziyi2197)®, vio = (yizy})"

(d) Vi =V/(z1) has a complement Wy in Dy = D/(z1) such that W1 = Mas.
In particular, D1 = E(Fia) defined in Proposition 3.3 in [9] (in [9],
E(Fia2) appears as Es).
(e) Let zy = (x1y3)" and let v; be the 10 basis elements of B given in (c). Then
D = (x1,y1) has the following set R(D) of defining relations:
7 =1,(z1,21) = (y1,21) = 1,
v?=1, forall 1<i<10,
(vj,v) =1 forall 1<j<k<10,
2} =y v = (zyr ) = (yy tmopnn)® = (g )
(v 2wy ey o) v = (217 221y1) v1vevsvavrvsig = 1,
(rziyzyieiyizy; 1yt ) vivsvsvevezs = 1,
Ty Ty ey ey S e vy By ey e Y1 v10sv6Us 21,

3 —2 -3 3 -1 -3
NT1Y1 Y121y, 1Y) T1Yi1T1Y121Y; T1Yy T1v4v8v10 = 1,

72’1 = 1,
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xlleflvz = xlvgxl_lvl = 1’1031’1_11)5 = x1v4:c1_1v3v4v5 = x1v5:c1_1v3 =1,
xlvﬁxflvlvgv(; = xlv7xflvlv2v7 = xlvgxl_lv4v6v9 =1,
1‘1’()91‘1_11)1’021131}4’()51]61}8 =1,

T1V10T] V103VsVIVI021 = Y1V1Y V1 = Y1v2y v3vaUsv10 = 1,

Y103y~ 01030421 = Y104y U5 = Y1vsY v2v6UsV921 = Y1U6Y Vg = 1,
Y17y~ o102 = Y108y v1v2030421 = Y1vgY 01069z = 1,

-1
Y1v10Y  V2v4U5v721 = 1.

(f) The involution t = (z1y12193)® of D has a centralizer T = Cp(t) of order
218.3.5.

Proof. (a) and (b) are restatements of Lemma 3.2.
(c) It can be checked by means of the MAGMA command
Subgroups(D : Al:=‘‘Normal’’)

that D has a unique normal subgroup V of order 2'!', and that V is elementary
abelian. Now, by means of

GetShortGens(sub<D|x_1,y_1>, V : exclude:=sub<D|z_1>)

we get the 10 generators v; which together with z; generate V. Since V' is elementary
elementary abelian, we can regard the generators as a basis.

(d) As z; € V it follows that V3 = V/(z1) is the unique normal subgroup of
D1 = D/{z) of order 219, Clearly, V; is elementary abelian.

Applying the MAGMA command CompositionFactors (D) one sees that D /V; &
D/V =2 Mass. Thus Lemma 2.4(d) of [9] asserts that D; splits over V;.

Let Mx and My be the matrices of the generators z; and y; of D w.r.t. the
basis B of V. Then

10000000000 10000000000
00100000000 01000000000
01000000000 00010000100
00000100000 11011011011
00011100000 00001011011
Mx = 00010000000 |, My= 00001000000
01100010000 01010001100
01100001000 10010011110
00001010010 11000111000
01111110100 00000010000
11010000111 11111000000

Both matrices are blocked lower triangular matrices with upper left diagonal
blocks equal to 1 and lower diagonal 10 x 10 blocks Mz; and My; in GL1o(2).
Hence Dy/Vy = Wy, where Wy = (Mx1, My1) < GL1g(2). Applying the MAGMA
command FPGroup (sub<GL(10,2) |Mx1,My1>) to W one obtains the following set
R(W1) of defining relations of Wi = (x1,y1):

=1, yi =1,
(ryr )T =1, (g 'mpm)® =1, (yi%0)" =1,
(v 2myioyy o) =1, (miyy Poan)® =1,
(yiziyizyiziyryy wiyi)? = 1,

_1 2 -1 -1 .2 —1,. .2 2 _
T1Yp TIYITIYIT1Y; X1y T1YIT1IY1T1Y; T1yiTiy Ty = 1,
Tyt Ty ey Cry ey ey = 1

Let PD; be the faithful permutation representation of D; of degree 1024 with
stabilizer Wy. Let Ey = E(Fiz2) be the finitely presented group of Lemma 2.4(f)
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of [9] with faithful permutation representation PEy defined in Lemma 2.6(a) of [9].
By means of the MAGMA command IsIsomorphic(PE_2,PD_1) it is verified that
D is isomorphic to FEs.

(e) By means of MAGMA the semidirect product Dy = (z1,y1,v; | 1 < i < 10)
of Wy by Vi = (v; | 1 < i < 10) has a set of defining relations R(D;) consisting of
R(W7) and the following set of relations:

v; =1,(vj,v,) =1 forall 1<4,j k<10,
1‘1’013}1—1’02 = .1?11}2.131_11}1 = 1‘1’03$1_1’U5 =1,
xlv4mflvgv4v5 = xlv5mflvg =1,
xlugajflulvgvﬁ,xlv7xflvlvgv7 =1,
xlvgxflvwg,vg,mlvgwflvlvgvngg,vé;vg =1,
2101077 010308V9V10 = Yrv1Y; v = 1,
Y1vayy v3VsVsV10 = Y1vsyy v1vsvs = 1,
Y1vayy U5 = Y1vsy; vav6vsve = 1,
Y1veyy vy = y1vryy v1vove = 1,

-1 -1 -1
Y1U8Y1 V1V2V3V4 = Y1V9Yq V1VeUrV9 = Y1V10Y V2V4VU5V7 = 1.

By (c) each v; is a word in the generators x; and y; of D. Evaluating the
relations of R(D1) in D, we get that each relation has value equal to either 1 or z;.
Appending z; to appropriate relations, we get the defining set of relations R(D),
as written in the statement.

O

Proposition 4.2. Keep the notations of Proposition 4.1. The following statements
hold:

(a) Let Hy = (r;]1 < i < 14) = H(Fiz2) be the finitely presented group
constructed in Proposition 3.3(n) of [9] (for the notation, h;’s in Propo-
sition 3.3(n) of [9] are replaced by r;’s). Then Hy has a central extension
Hy = (kj | 1 < j < 15) of order 2'®-3%-5 having the following set of R(Hz)
of defining relations:

k2 =k =ki=ki=ki=ki=Fk}=1,

kS =k =Ko =kiy = kiy = ks =k = ki; = 1,
(ki,klg,) =1 for 1<i<14,

(kiyk1a) =1 for 1<i<13,

(kiykiz) =1 for 2<i<12,

ky eisk kg k)t =1,

(ks k) =1,  k3thokiky thsky =1,

(k5 1k1) =1, k3 hoks kikokskikyt =1,

(kakz 1) =1, (kay kg b ka) = 1,

klk 1k11~c Ykikakiks =1, ky kg 'kiky Pkskaki byt =
koky kokak2ky kg Yhsky = 1, kiksky kskekis = 1,
kikek tkekiy = kikrky Ykrksky)! = kiksky Ths = 1,



REPRESENTATION THEORETIC EXISTENCE PROOF FOR FISCHER GROUP Fig3 25

kykoky *kyikyg ki ks =1,

kikioky 'kekokioki1kiokyy ks = 1,

keikuiky Yhokist kst = kikioky ik = 1,

koksky "kskekok kst = kokeky ‘krkskn k)l = 1,
kokrky “kekrkil ks = koksks kskekrks = 1,
kokoky ' kskekiokiikis ki ks =1,

kokioky 'krkskokiy = kakiiky 'kskiokif ks = 1,
kokioky ' kekrkskiokia = ksksky 'keki,t = 1,
kskeky tkskekiy = kakrky Ykskekis = 1,

ksksky kskokrks = kskoks 'kskokioki) = 1,
kskioks tkekokist = kskiiks ‘kokiokii kst =1,
kskioks 'kskiokiikiokis ki = 1,

kaksky "kskekiy ki, =1,

kakeky 'kskiy = kakoky kekiokikiokif kg =1,
kaksky "kskekiokii ks kb = 1,

kakoky kskekiikiokyy =1,
kakioky Y kokiokiokis ki ks = 1,

kaki1ky kskekrkskoki kiy ks = 1,

kakioky 'kskekioki1kyy = kiokis ki = 1,

(ks, ke) = (ks,k7) = (ks,kg) = (ks, ko) = 1,

ks tkigkskiok ks = ks Tkt kskn kit ky = 1,
(ks,k12) = (ke, k7) = (ke, kg) = 1,

kg Tk M hekokyf kst = kg Ykig kekiokig ks = 1,
kg 'kt keki ki k= 1,

(e, k12) = (kr, ks) = (k7, ko) = (ks, k10) = (ks, k12) = 1,
by kg krkiok ) ks = ko Yk heki kR =1,
byt kg krkiok ) kst = kg tkg thskokil ks = 1,
kg 'kt kskii ki k= 1,

(ko, k10) = (Ko, k11) = (kg, k12) = (ki0, k12) = (k11, k12) = 1,
kl_Olkl_llklokllkl_zllkl_E)l =1

(b) Hs has a faithful permutation representation of degree 2048 with stabilizer
U2 - <k17 k27 k37 k4>
(¢) Hs has a Sylow 2-subgroup Sa generated by the four involutions my = kq,
mo = (k2k1k2k4k5)6, ms = (k’gklk‘g)Q G/I”Ld my = (k2k2k4k2k4)6.
(d) Az is the unique mazimal elementary abelian normal subgroup of Ss of
order 2™, and is generated by the following 11 elements:
may, (mamy)?, (magma)?, (mimgma)*, (mamama)?,
(m1m2m3m4)8, (m1m3m1m4)2, (m2m3m2m4)2,
(mamsmamz)?, (mimamamima)*, and (mimamsmamy)*.

(e) Dy = Ny, (A2) = (p2,q2) where py = kiks and qo = ki(k1kskaks)®. Here
p2 and g have orders 4 and 6, respectively.
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(f) Ho = (Da, ha) = (p2, g2, h) where hy = k4 has order 3.
(g) There is an isomorphism o : Dy — T s.t. a(ps) = p1 = (urususueur)® and
a(g2) = 1 = (Wiwawzwswowswy)®, where

_ 27 _ 316 2 3\7
uy = (Y1), we = (rnz1yy)”,  us = (y1rayy)’,
_ (.3 2\7 _ 2
Ug = (y1961y1) ,  Us = T1Y11Y1T1Y1X1Y1 T1Y121Y1,
3 2 5 3 2 5 2 2. \4
ug = (YIT1Y1 1Y Ty i e1y1)",  ur = (YT 1Y T T 1Ty T Y o)

and

wy = (51)", wp = (sis3sis3s1)?,

2. .3.2.3 4220 3. 3\2
W3 = $782878587, wWq = (878557525878257)°,

where s1 = x1y121 and sy = (T1y170195)°.

(h) So, D = (p1,q1,x1,31), T = Cp(t) = (p1,q1), H2 = (p2,q2,h2), and
Dy = Ny, (A) = (p2, ¢2)-

(i) A system of representatives r; of the 189 conjugacy classes of Hy and the
corresponding centralizers orders |Cr, (r;)| are given in Table A.5.

(j) A system of representatives d; of the 151 conjugacy classes of Dy and the
corresponding centralizers orders |Cp,(d;)| are given in Table A.4.

(k) The character tables of Hy and Do are given in Tables B.J and B.5, respec-
tively.

Proof. (a) By Table A.8 of [9] the simple group Fiss has a unique conjugacy class of
2-central involutions, represented by an element u. Theorem 5.1 of [9] asserts that
H, = CFi,, (u) is isomorphic to the finitely presented group Hy = (r; | 1 <i < 14)
constructed in Proposition 3.3(n) of [9] (with notation changed from h; in [9] to
r; here). Hj has a faithful permutation representation PH; of degree 1024 with
stabilizer (rq,rq,73,74) by Lemma 3.4 of [9].

Let F' = GF(2), and let M be the trivial F H;-module, which can be constructed
in MAGMA by the commands
FEalg := MatrixAlgebra< FiniteField(2), 1 | [[1] : i in [1..14]]>

and
M := GModule(PH_1, FEalg).
Using the faithful permutation representation PH; and the MAGMA command
CohomologicalDimension(PH_1, M, 2)

we get that this cohomological dimension is 3. For each of the eight 2-cocycles
(a,b,c) with a,b,c € F, MAGMA constructs a finitely presented group E(, ;) by
means of its commands

P := ExtensionProcess(PH_1,M,H_1),
E_{a,b,c} := Extension(P, [a,b,c]).
Since D is a non-split extension of Dy by (z1) the split extension E(g o,y can be
neglected.

It is checked by means of MAGMA using the faithful permutation representation
PD of D of degree 1012 that E(; ; o) is a non-split extension of order 218.34.5 of
H; having a Sylow 2-subgroup which is isomorphic to any of the Sylow 2-subgroups
of D. The presentation of Hy = E(1 1) is given in the statement.

(b) The MAGMA command CosetAction(H_2,U_2) for the subgroup Us =
(k1, ko, ks, kq) of the finitely presented group Hs gives the faithful permutation
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representation of Hy of degree 2048. We know it is faithful because the order of
the resulting permutation group has the correct order 28 - 34 . 5.

(¢) A Sylow 2-subgroup Sy of Hy can be obtained by the MAGMA command
S_2 := SylowSubgroup(H_2,2)
and its generators can be obtained by the command
GetShortGens(H_2,S_2),

which gave the four generators my = ky, mo = (kok1koksks)®, ms = (k3k1k2)? and
my = (k3kokakoks)®, as asserted. The four generators of Sy all have order 2.

(d) It can be verified by the MAGMA command
Subgroups(S_2 : Al:=‘‘Normal’’, IsElementaryAbelian:=true)

that Sy has a unique maximal elementary abelian subgroup A of order 2''. Now
the generators for A, can be obtained by the command

GetShortGens (sub<H_2|m_1,m_2,m_3,m_4>,A_2),
which gave the 11 generators as written in the statement.

(e) Letting
D_2 := Normalizer(H_2,A_2)
yields a subgroup Dy of Hy of order 2'® - 3.5, and its generators can be obtained
by the command
GetShortGens(H_2,D_2),
which gave the two generators po = k1ko and ¢o = kl(k1k5k‘4k2)5, having orders 4
and 6, respectively.

(f) It can be verified with MAGMA that Ho = (Do, k4) = (p2,qo, ka). We let
ho = k4, and it is easy to check with MAGMA that ho has order 3.

(g) The isomorphism « : Dy — T can be obtained by the MAGMA command
IsIsomorphic(D_2,T).

Recall that T is a subgroup of D = (z1,%1). For documentation of this isomorphism
a we need to get words for a(p2) and «a(gz) in terms of z; and y;. Now, for
convenience, let p; = a(p2) and ¢; = a(go).

In order to obtain short words for p; and ¢, the author employed Strategy 1.22.
First, it is checked with MAGMA that Np({p1)) has order 2%, and it is obtained
by GetShortGens that Np({p1)) = (u1,us,us, usus, ug, u7), where the words ug
through uy are as written in the statement. Then, the command
LookupWord (sub<D|u_1,u_2,u_3,u_4,u_5,u_6,u_7>, p_1) gave the answer p; =
(uyugugugur)®.

Note that ¢; has order 6, since so does g2. It can be checked with MAGMA that the
Np({q1)) has order 2632 and that Cp(q3) has order 217-3%.5.7. It is easy to observe
that Np({q1)) < Cp(¢}). Employing Strategy 1.21, we can find out that Cp(q3) =
(s1,82) and Np({q1)) = (w1, wa, w3, ws), where 81 = z1y171, s2 = (T1y121Y3)?,
wy = (81)7, wy = (s1s3535381)%, w3 = s7s283s353, and wy = (s1s3s7s0s35053)%
Finally, the command LookupWord (sub<D|w_1,w_2,w_3,w_4>, q_1) successfully

gave the word for ¢;, namely ¢ = (wwowswswowzwy)>.

(h) From (g) we know that Dy = (pa,¢2) and « : Dy — T is an isomorphism,
and also that py = a(p2) and ¢; = a(qz). Therefore we have T' = (p1,¢q1). Since
D = (x1,y1), it is clear that D = (p1,q1,z1,y1). It is verified in (f) that Hy =
<D27 k4> = <p23 q2, k4>
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The results of (i) and (j) can be obtained by applying Kratzer’s Algorithm 5.3.18
of [12] in MAGMA to the relevant groups, with generators as stated in (h). The
results of (k) were computed by means of MAGMA.

O

It will be shown in the rest of this section that the free product Hy *p, D of Ho
and D with amalgamated subgroup D> has an irreducible 352-dimensional faithful
representation over GF(17) which gives rise to the group H such that |Z(H)| = 2
and H/Z(H) = Figg.

Theorem 4.3. Keep the notations in Proposition 4.2. Let K = GF(17). Using
the notations of the character tables of B.4, B.5, and B.2 of Hy = (pa,qz,hs),
Dy = (p2,q2), D = (p1,q1,21,¥1), the following statements hold:

(a) The smallest degree of a non-trivial compatible pair (x,T) € mf charc(Hz) X
mfcharc(D) is 352.

(b) There are exactly two compatible pairs (x,7),(x',7") € mfcharc(Ha) %
mfcharc(D) of degree 352 of Hy = (D, h) and D = (a(Ds),x,y):

(x> 7) = (X57 + X4a0 + X41,T9 + T10)
and
(X's7") = (x31 + x34 + X4a0 + X41,To + T10)
with common restriction
X|D2 = Tja(Ds) = X|Dy = Tla(Dy) = Y26 + Y271 + Y59 + P63 + 70 + Y73,

where irreducible characters with bold face indices denote faithful irreducible
characters.

(¢) Let U and 2 be the up to isomorphism uniquely determined faithful semi-
simple multiplicity-free 352-dimensional modules of Ho and D over F =
GF(17) corresponding to the compatible pair x,T, respectively.

Let ky : Hy — GL3s2(17) and kay : D — GLgs2(17) be the representa-
tions of Hy and D afforded by the modules U and T, respectively.
Let p2 = ky(p2), 92 = kw(q2), b2 = ky(he) in ky(Hz) < GLgsa(17).
Then the following assertions hold:
(1) Vp, =W (p,), and there is a transformation matriz Ty € GL3s2(17)
such that

p2 =T 'kn(p)Th, G2 =Ty kaw(q)Th
(2) There is a transformation matriz S; € GL3ss2(17) such that
p2 =8y 'paS1, 92 =Sy 1928,
and that if we let
t2 = (T181) thay(21) 1Sy € GLsso(17),  and
v2 = (7181) 'wan(y1)T1S1 € GLgs2(17),

then $ = (pa2, qa, L2, H2, ha) = (r2, 02, h2) satisfies the Sylow 2-subgroup
test of Algorithm 7.4.8 Step 5(c) of [12]. The proof showing that $)
satisfies the Sylow 2-subgroup test is split into two parts; first half is
shown in the proof of this theorem (namely, the order of hare has to be
the order of an element in 2 Figs; it turned out to be 12 in this case),
and the other half in Theorem 4.5.

(3) The three generating matrices of $ are stated in [10].
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(d) The construction shown above in (c) can be applied to the compatible pair
X', 7. However, there is no solution in this case which satisfies the Sylow
2-subgroup test of Algorithm 7.4.8 Step 5(c) of [12].

Proof. (a) The character tables of the groups Hsy, Do, and D are stated in the
appendix. In the following we use their notations. Using MAGMA and the character
tables of Hs, Dy, and D and the fusion of the classes of Dy in Hy and T' = Cp () (&
D5) in D, an application of Kratzer’s Algorithm 7.3.10 of [12] yields the compatible
pair stated in assertion (a).

(b) The application of Kratzer’s Algorithm 7.3.10 of [12] also shows that the pairs
(x,7) and (x/,7’) of (b) are all the compatibles pairs of degree 352 with respect to
the fusion of the Ds-classes into the Ha- and into the D-classes.

(¢) In order to construct the faithful irreducible representation U correspond-
ing to the character x = X57 + x40 + Xx41 of degree 352, the MAGMA command
LowIndexSubgroups (PH_2, 1500) is applied, using the faithful permutation pre-
sentation PHy of Hs of degree 2048. MAGMA found subgroups Uy, Us, and Us such
that the followings hold.

U, is of index 480 in Ho, and x57 (dimension 160) is a constituent of the permuta-
tion character (1¢;, )H#2. The program GetShortGens(PH_2, U_1) gives a generating
set of Uy, so we have Uy = (p2haps, (p2g2h2q2)?, (q2h3p2)?, (hapagahaqe)®). Using
Meat-axe Algorithm to the permutation module (1r;, )2, the author obtained the
irreducible K Hy-module Us7 over K corresponding to xs57. Here, the permutation
module (1g;, )72 is obtained by applying the MAGMA command PermutationMatrix
to the generators of the permutation group obtained by CosetAction(PH_2, U_1).

Us is of index 512 in Hs, and x40 (dimension 96) is a constituent of the per-
mutation character (1y,)H2. By GetShortGens we get Uz = ((gap2h2)®, (g2h3)?,
(p2haqap2)?, (p3g3hs)?). By applying the Meat-axe Algorithm to the permutation
module (1U2)H2, the irreducible K Hy-module U4 corresponding to x4 is obtained.

Us is of index 512 in Hs, and 41 (dimension 96) is a constituent of the permu-
tation character (1y,)"2. By GetShortGens we get Us = (g3, (haq2)?, (gap2h3)®,
(q2p2h2q5h2)®). By applying the Meat-axe Algorithm to the permutation module
(1U3)H27 the irreducible K Hs-module 2U4; corresponding to x4 is obtained.

In order to construct the faithful irreducible representation 20 corresponding to
the character 7 = 79 + 71 of degree 352, the MAGMA command
LowIndexSubgroups (PD, 1500) is applied, using the faithful permutation presen-
tation PD of D of degree 1012. MAGMA found subgroups S; and Sy such that the
followings hold.

Sy is of index 352 in D, and 79 (dimension 176) is a constituent of the permu-
tation character (1g,)”. By GetShortGens we get S1 = ((¢1p3)?, (z1qip1qiz1)?,
(x1q171p1g1)?). By applying the Meat-axe Algorithm to the permutation module
(1s,)P, the irreducible K D-module 2y corresponding to 9 is obtained.

Sy is of index 352 in D, and 719 (dimension 176) is a constituent of the per-
mutation character (1g,)?. By GetShortGens we get Sy = {((p171q1)?*, T1q171,
(p1q1w1p1)?). By applying the Meat-axe Algorithm to the permutation module
(1s,)P, the irreducible K D-module 21 corresponding to 719 is obtained.

Thus, we can obtain U and 20 by letting U = V57 & Vyo ® V41 and W =
Wg & W, corresponding to the characters x = x57 + x40 + x41 and 7 = 79 + 710,
respectively. Direct summation of modules here means block diagonal joining of
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matrices, in matrix sense. For example, p2 = kg (p2) is obtained by

Kg (pQ) = diag(ﬁm57 (p2)7 Kg 40 (pQ)a Kg 4y (pZ))v

where Rgs, - H2 — GL160(17), Rgs, - H2 — GL96(17), and Rgs, - H2 — GL96(17)
are the representations of Hs afforded by the modules Us7, Uyo, and Yy, respec-
tively. The other matrices q2 = kg (g2) and ha = kg (he) are obtained by a similar
manner, by block diagonal joining. Similar idea applies to the other side 20, too.

X|Ds = Tja(D,) means Yp, = W,(p,) = Wr. Recall that two representations
of a group being isomorphic means that there is some matrix 7 such that for every
element of the group, the matrix for the element corresponding to one of the two
representations is conjugate to the matrix for the same element corresponding to
the other representation by 7. However, here we have two isomorphic groups D-
and T instead of identical groups. So, employing the isomorphism « : Dy — T,
now we can see that U|p, = 2|7 means that there is some 77 € GL352(17) such
that K| p,(9) = 7, kawr(e(g)) Ty for all g € Ds.

Assuming we have such 77, we get
P2 = ke p, (p2) = T, 'kanjr(e(p2))Ti = Ty kan(p1) 71,  and
2 = Ko p, (@2) = Ty "kawr (@) Th = Ty 'kaw(q1)Th,
thus po = 7, "key(p1)71 and q2 = 7, 'kay(q1)7T1, as desired in the statement (1).

Knowing that such 77 should exist, we can apply the Parker’s isomorphism test of
Proposition 6.1.6 of [12] by means of the MAGMA command

IsIsomorphic(GModule (sub<Y|W(p1),W(ql)>),GModule (sub<Y|V(p2),V(q2)>))

which gives the boolean value, which is true in this case, and the desired transfor-
mation matrix 7;. So (1) is done.

By assertion (a) and Corollary 7.2.4 of [12] this transformation matrix 7; has
to be multiplied by a diagonal matrix S; of GL352(17). In order to calculate its
entries one has to get the composition factors of the restrictions x; p, and Tjr to
Dy and T, respectively. From the fusion and the 3 character tables B.4, B.5 and

B.2 follows that:
X40| D, = 27 + Y63,  Xa1lp, = V26 + P9,
X57|D, = Y70 + 173,  and
Tolr = a6 + 3 + 73, Tio|T = a7 + P59 + Yr0.

Thus, by applying the Meat-axe Algorithm to X4o|D,» X41|Dss X57|Ds, We get
the KDg—modules 1126,1127,ﬂ59,1163,1170, and ﬂ73 Of D2 = T, SuCh that %40|D2 =
Uo7 ® Uz, Va1 p, = toe © Usg, Vs7|p, = tro & Urz, Wop = tas & Usz @ Lz, and
Wy = toe & Usz @ Lrz. Then, we know that

Up, = U © Uay © Usg D Usz © Lro © Urz = W
Therefore, there is a transformation matrix Sy € GL3s2(17) such that
Sy ke (p2)So = diag(histg (D2), Fttar (P2); Kty (D), Kitts (D2)s Ftteg (P2), Ristrs (P2)), and
So Hhw(42)So = diag(Fistg (42)s Fttar (42); Rstso (42), Fttes (42)s Fttr (42), Fstrs (42)),

where Rilog + D2 — GL16(17), Rilyr * D2 — GL16(17), Rilsg -+ D2 — GL80(17),
Rlgs + D2 — GrLgo(17>7 Rlyq * D2 — GL80<17>, and Rily5 * D2 — GL80(17> are the
representations of Do afforded by the modules Usg, o7, LUsg, Ugs, LUz, and Lzs,
respectively. This matrix Sy can be obtained by applying Parker’s isomorphism
test to the two modules U and Ly & Loy B Usg S LUss B Uyg D Uz3. We can assume
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that we started with So_lnm (p2)So, So_llim(qg)so, and So_llﬁlsz}(hg)SO as pa, o, and
b2, at the beginning of the statement (c). Hence, po and g2 are now assumed to
be in the block diagonal form as follows, from the beginning (then hs would be in
a certain block form; although not block diagonal, it still carries the structure of

V7 & Vo @ Var):

p2 = diag (kg (P2), Fitar (P2)s ttse (P2); Fstes (P2)s Kt (P2), Katrs (P2)), and
qz2 = diag(’ﬁl% (qQ)7 Rilor (Q2), Kilso (112), Rilgs (QQ)a Kitzo (Q2), Kilzs (QQ))-

Now, by Schur’s Lemma (Lemma 2.1.8 of [12]) and the degrees of these characters
appearing in the restriction pattern, the following linear system in the variables
Oa,0b,0¢,04,0¢,0¢ € K holds, where the variables o4, 04, 0,04, 0,0 correspond
to tag, a7, ¥s9, Y63, Y70, Y73, TESPEctively :

96 = 1603 + 8004, 96 = 160, + 800., 160 = 800, + 800y and
176 = 160, + 8004 + 800y, 176 = 160} + 800, + 800,.

This system of equations in K has the solution: o, = 8 — 70,, 04 = 8 — 7oy,
Oc =T0,—Top+1, 0f = =704+ 7oy + 1, where o, and o3 run through all nonzero
elements of K. Hence the diagonal matrix S; has the form

S(on.0y) = diag(cy®, 0%, [8—T04]%0, [8—T03]*°, [Tog — Top + 1%, [~ Toq + Toy, + 1]*°)

for suitable elements o,,0, € K. Recall that p; and g2 are in the block diagonal
form as described above, where the sizes of the blocks are 16,16, 80,80, 80, and
80, in this order. Therefore, for any o, and o}, in K, the diagonal matrix S, o,)
centralizes the two matrices py and gs.

Let
-1
Yoy,00) = (7'18(0&,%)) Hm(xl)ﬂs(ab,od)’ and
1
U(Ub,ad) = (7-18(0'17,0}1)) Hﬂﬂ(yl)ﬂs(ab,ad)~

Then the field elements o,, 03 have to be chosen so that all the entries on the main
diagonal of the matrix S, »,) are nonzero and that the matrix group

Sjo'a,a'b = <p27 92, %0,,005 Uaa,ab7 h2>

satisfies the Sylow 2-subgroup test of Algorithm 7.4.8 Step 5(c) of [12]. The test
used here is the order of t,, -, bh2; the order has to be the order of an element in
2 Fizs. Running through all possible pairs (04,04) € F? it follows that this test is
only successful for the pair (o4, 03) = (15,9), giving the order of ., »,h2 equal to
12.

Now, let &1 = S(15,9), r2 = (T:81) " kan(21)T1S1, 92 = (T181) " kan(y1) T2 S,
and 9 = (p2,q2, T2, D2, h2). Then we have py = Sy 'p2S1, g2 = Sy 14281, since any
S(0.,0,) centralizes the two matrices p2 and gz. This matrix group §) is a candidate
which can satisfy the Sylow 2-subgroup test. In Theorem 4.5, it is shown that $
indeed satisfies the Sylow 2-subgroup test. So (2) is done.

Finally, since po and g2 can be expressed as words in terms of ro and o, we have

Sj - <p2a q2,22, Y2, h2> = <}:27 Y2, f)2>
For (3), the matrices are stated in [10].
(d) Same idea and process as in (c) are applied to the compatible pair ', 7’.

As done in (2) of (c¢), a suitable transformation matrix has to be found. However,
in this case, there is no such transformation matrix which makes the final matrix
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group to satisfy the Sylow 2-subgroup test of Algorithm 7.4.8 of Step 5(c) of [12].
In other words, there was no &; which makes the order of roho to be the order of
an element in 2 Fiss.

O

Lemma 4.4. Using a very nice presentation for Fischer’s simple group Fise which
is stated by Praeger and Soicher in [13], the finitely presented group Gy, = {an,by,Cn,
dnsensfrsGnshn,in) (here the subscript n stands for “nice”) with set R(Gy,) of defin-
ing relations
n_b2_c —d2—6 fn_gn_hi:iizlv
(anbn)3 =1, (bncn)S = (Cndn) = (dnen)3 = (enfn)g = (fngn)s =1,
( )2 = (andn)2 = (anen)2 = (anfn)2 = (angn)2 = (anhn)2 = (anin)2 =1,
( ) = ( = (bnfn)2 = (bngn)2 ( ) (b zn) =1,
(Cnen)2 = (Cnfn)2 = (Cngn)2 = (Cnhn)2 (Cnln) 1,
( nfn)2 = (dngn) (en ) (en )2 = (enzn)Z =1,
( nhn)3 = (hnzn) ( nln) (fn ) (fnln) (gnhn)2 = (gnin)z =1,
(d cnbnd enfnd h Zn)lo (anb Cndn enfn n) = (bncndnenfngnhn)g =1
satisfies the following properties:
(a) As in page 110 of [13], G, has a subgroup
U, = <a’na Cn, dn7 €n, fna 9n, hna in, (anbncndnenhn)5>

which is isomorphic to 2.Ug(2). Gy, has a faithful permutation representa-
tion PG, of degree 3510 with permutation stabilizer U,.
(b) As in page 110 of [13], G, has a subgroup

Vi = <bnycn7dna ens frn, Ins hmin>

which is isomorphic to the (orthogonal) simple group O7(3). G, has a
faithful permutation representation (PGy)" of degree 14080 with permuta-
tion stabilizer V,.

(c) As in page 111 of [13], G, has a subgroup

E, = <an7 Cn €ns Gns Py Un s Uny Wiy Ty Yy tn>
which is isomorphic to 210 : Mas, where
Up = bnancnbna Un = dncnendna Wn = dnenhndn7
Tp = fnengnfna Yn = dncnhnd'ru tp, = (cndnenhnin>4'

In particular, E,, has order 27 -32.5.7-11.

(d) E, has exactly one conjugacy class of 2-central involutions, represented by
Zn = GpCn.

(e) The centralizer H, = Cg,(2n) of zn in G, has order 217 - 3* .5, and
Hn = <fna 9n, in7 (anbncn)za (Cndnenhn)3>'

(f) The intersection D,, = E,, N H,, of E,, and H,, has order 2'7 -3 .5.

Proof. (a) In [13], the presentation is stated without the subscripts n. In page 110
of [13], it is stated that G, = Fiss and that G,, has a subgroup U, = 2.Us(2),
with generators as written in the statement. By means of MAGMA’s command
CosetAction(G_n,U_n), we can check that GG, has a permutation representation
PG, of degree 3510 with stabilizer U,,, with order |PG,| =2'7-3%.52.7-11-13.
As proved in [9], we have G,, = Figs, and therefore PG, is a faithful permutation
representation of G,,.
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(b) In page 110 of [13], it is stated that G, = Figs has a subgroup V,, = O7(3),
with generators as written in the statement. By means of MAGMA’S command
CosetAction(G_n,V_n), we can check that GG, has a permutation representation
(PG,)" of degree 14080 with stabilizer V;,.

The statement (c) is as written in page 111 of [13].

(d) The MAGMA command Classes(E_n) tells us that F,, has exactly one con-
jugacy class of 2-central involutions, and it also gives a representative z, for the
class. Now, the command LookupWord(E_n, z_n : ConjugateCheck:=true) in
MAGMA gives an answer a,,c,, which is conjugate to z,. So, we can redefine z, to
be z, = a,c,, and use it as the representative for this class of 2-central involutions.

(e) Let z, = ancy as in (d). Then, the group H,, = Cq,, (2,) is verified by means
of MAGMA to have order 2'7 - 3* . 5. Now, by applying GetShortGens the author
obtained the five generators f,., gn, in, (anbncn)?, (cndnenhn)? for H,.

(f) The statement is verified by means of MAGMA.

O

In the following theorem the author obtains the presentation for 2 Fiss as gen-
erators and relations, and establishes an isomorphism from $) to 2 Fiss.

Theorem 4.5. Keep the notations of Lemma 4.4 and Proposition 4.1 and 4.2. The
following statements hold:

(a) D/<Zl> = D1 = En and H2/<k15> = H1 = Hn

(b) Let ¢1: D — D/{z1) = D1 and ¢o : Hy — Hs/{k15) = H;y be the canonical
epimorphisms. There exist an element ro € G, and isomorphisms ¢y :
Dy — Ey and ¢z : Hi — (Hy)™ such that (p1061)(p1) = ps = (p2002)(p2)

cm7d (p1o¢1)(q1) = q3 = (p20¢2)(q2), and E, N (H,)"™ = (p3, q3) has order
217.3. 5,

(c) Let x3 = (¢10¢1)(x1), y3 = (p10¢1)(y1), and hy = (p2 o ¢2)(h2). Then
x3,ys and hs can be expressed by words in an, by, Cn,dn,€n, fr, Gny Pny in,
as follows:

r3 = B1(an, bny Cny dns €ns froy Gns Pnyin) = (Tn,lrn,zrn,3)37
Y3 = B2(n, bny Cnydny €ny fry Gy By 0n)
= (Sn,15n,25n,45n,15n,45n,25n,4) " (tn 110 3tn1tn 3tn,1tn 2tn,1tn,3)7,
hs = B3(@n, b, Cny iy €y fros Grs Py in) = (Vn10n.2)%,
where
Tp,1 = (wnuntnunmntnxntn)4, Tpo = (wntnwnunwn:ﬂntnmn)‘l,
Tp,g = (LWt UnTpWntnn)?, Tpa = (wnuntnxnwntnunxntn)4,
Sp,1 = UpWpln, Sp2 = (unwnxn)Q, Sn,3 = (unwntnun)z,
Spoa = (Unty wnar;n)47 tn1 = Sn,25n7483)2,
tn2 = (Sn45n250,150.35n.4)%  tn3 = (Sn.45n,25n.450,25n,150.3)%,
= (cndnenhn)®,  kn = (codnenfugn)?®s o = (anbncndpenhn)®,
= (lnbnkngnbnin)®  pn = Gnkninlnbnininin)®,
=(p

Un,1 = On.]non n)47 Un,2 = (]nknonkipn)47 Un,3 = knjnon]nkipn

(d) Gn = (x3,y3,h3).
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(€) an,bn,cn,dn,en, frn,dn, hn,in can be expressed as words in x3,ys, hs, de-
noted by
ap = wa($3ay3a h3)a bn = Wb($37y3, h3)a Cp = wc($37 Ys, h3)7
dn = wa(73,Y3,h3), en =we(3,Y3,h3), [fn=wys(T3,y3,h3),
gn = wq(x3,Y3,h3),  hn = wh(T3,y3,h3), in = wi(T3,Y3, hs).

The explicit words are

o(3,y3, hs) = (w3ysws)”,  wy(ws,y3, hs) = (hsyshsyshsy3h3yshsys)”,
we(r3,y3, h3) = (y3x3y3m3y3) )
wa(x3, ys, hs) = (hsysh3yshsyshsyshsyzh3)'®,
we(3,Y3, h3) = (y3$3y3$3) )
wy (w3, Y3, hs) = (yshsysh3yshiyshaysh3)®,
wy(3, Y3, h3) = (z3y3wayses)’,  wn(@s, ys, ha) = (y33y323)°,
wi(z3, Y3, hs) = (h3y3haysh3)”.

(f) The finitely presented group Gy = (ag,be,ce,dy, eq, fo,ge, he,ie, z¢) (here £
stands for “lifted”) with set R(Gy) of defining relations

a?:bezce:dz—ee fe—ge—hz—le—l

(agbe)® = 1, (bece)® = 24, (code)® = (deer)® =1, (ecfe)® = (foge)® = 20,
(agce)? = (aedp)® = (aree)® = (arfe)?® = (arge)? = (ache)® = (arir)® =1,
(bedp)® = (beee)? = (befe)® = (bege)® = (behe)® = (beie)® = 1,

(coer)® = (cefe)? = (cege)® = (cehe)® = (cie)® = 1,

(defe)? = (dege)® = (eege)® = (eche)? = (esie)® =1,

(dehe)® = (heie)® = (deie)® = (fehe)® = (frie)® = (gehe)® = (geie)® = 1,
(decebedper fodoheie)'® = (agbecedees fohe)? = (becedoeq fogehe)® = 1,

27 = (20, a0) = (20,be) = (20, ¢0) = (20, dy) = (20,€0) = (20, fo) =1,
(2, 9¢) = (20, he) = (20,70) = 1
has a faithful permutation representation PGy of degree 28160, which is
isomorphic to 2 Fiay, having stabilizer (byzg, ¢, dy, ee, foze, go, he,ie).
(g) Let
To = Bl(ab bb Cy, d@a €y, flvgf7 h€7 Z-f)a
Yo = B2(ae, be, ce, de, €r, fo, go, he,ie),
ho = B3(ae, be, o, de, eq, fo, o, heyic),
where the three words (31, B2, and B3 are the ones obtained in the statement
(b). Then Gy = {x0, Yo, ho)-

(h) There is an isomorphism 9 :  — Gy such that ¥(x2) = xo,I(h2) = yo, and
9(h2) = ho, and $) is an irreducible subgroup of GL352(17).

Proof. (a) The presentation of D1 = D/(z1) can be obtained from the presentation
of D, as stated in Proposition 4.1(e). Let ¢ : D — D/(z) = D; be the canonical
epimorphism. Then, by trying some random short words, we get that a subgroup
(d1(y1)*, (1 (21)P1(y1)P1(v1))?) = Moy works as a permutation stabilizer for the
group D7, and thus the MAGMA command

CosetAction(D_1,<phi_1(y_1)"4,(phi_1(x_1) phi_1(y_1) phi_1(v_1))"2>



REPRESENTATION THEORETIC EXISTENCE PROOF FOR FISCHER GROUP Fig3 35

gives the faithful permutation representation of D; of degree 1024. We can now use
this faithful permutation representation for all MAGMA computations in this theo-
rem. From Lemma 3.4 of [9] we already have a presentation and faithful permuta-
tion representation of H; = Hs/(k15) of degree 1024. Then, using the permutation
representations, it is verified with MAGMA commands IsIsomorphic(D_1,E_n)
and IsIsomorphic(H_1,H_n) that D; = E,, and H, = H,.

(b) Let ¢1 : D — D/{z1) = Dy and ¢ : Hy — Hs/(k15) = H; be the canonical
epimorphisms. As proved in (a), there exist isomorphisms ¢ : Dy — E, and
o : Hi — H,. Next step is to find some inner automorphism &y € Aut(G,,) of G,
such that the new isomorphism po = dgog : Hy — do(H,,) satisfies (¢10¢1)(p1) =
(p2 0 ¢2)(p2) and (p1 o ¢1)(q1) = (w2 o P2)(g2). Let ¢1 and ¢y be fixed. For
convenience, let p3 = (p1 0 ¢1)(p1), 43 = (1 © ¢1)(q1), P3 = (¥o © ¢2)(p2), and
a5 = (0 © $2)(g2)-

By means of MAGMA command IsConjugate(G_n,p’_3,p_3), we obtain an
element r; € G,, such that rflpérl = p3. Fix this r;. By means of MAGMA, it is
checked that Cg, (p5) has order 3072, which is relatively small. Then it is verified
by the MAGMA command exists that there is some element 73 of Cg, (p5) such
that (rsri)~tqh(rar1) = gs.

Thus we also have (r3r1)~!p4(rsr1) = rfl(r?flpgrg)rl = rflpgrl = p3. There-
fore, letting ro = 737y yields r;lpgrg = p3 and r;lqgrg = ¢3. Now, let §g € Aut(G,,)
be the inner automorphism defined as conjugation by ro. Then g restricted to H,
is an isomorphism g\, : H, — (H,)™. Thus, @2 : Hi — (Hy)" defined by
2 = do|m, © o is an isomorphism, and we can observe that

(py) =75 'pyre = p3, and

(¢) =75 " ghra = g3,

(¢2 0 $2)(p2) = (dojm,, © Po © d2)(p2) = dom,
(¢2 0 ¢2)(q2) = (dom, ©Po© ¢2)(q2) = dom,
and therefore (p10¢1)(p1) = p3 = (p20¢2)(p2) and (p10¢1)(q1) = g3 = (P2002)(q2),
in short. It is checked by means of MAGMA that E, N (H,)™ = (ps3,q3), and that
(ps, q3) is of order 217 -3 - 5.

(c) Let ¢1, P2, 1,92, and r9 be as obtained in (b), so that the isomorphisms
¢1: D1 — Ep and pp 1 Hi — (H,)"™ satisfy (o1 0 ¢1)(p1) = p3 = (2 0 ¢2)(p2)
and (p1 0 ¢1)(q1) = g3 = (p2 © ¢2)(q2) and E, N (H,)™ = (p3,q3). Now, let
23 = (p10¢1)(x1), y3 = (p1 0 ¢1)(y1), and hy = (2 o ¢2)(h2). Then x3,ys and
hs can be expressed as words in a,, by, Cn, dn, €n, fr, gn, An,and i,. Thus there are
three words by (1, B2, and (3, such that

xr3 = 61(anubn7cn7dn7ena fn7gn7hn7in)7
Ys = 62(an;bnacnadn7ena fnvgn7hnain)7
hs = 63(anabnacnadmenafnygnvhnain)'

The three words (31, 32, and (3 are obtained by Strategy 1.22, as follows.

It is checked by means of MAGMA that Cg, (23) of z3 in E,, has order 2!3 .3 =
24576, which is relatively small. Applying Strategy 1.22 to this group Cg, (z3),
the author found a word for x3; the results are Cg, (z3) = (ry.1,7n,2, Tn.3, 'n,a) and
€r3 = (Tn,17’n,27“n,3)3~

Note that ys is of order 14 (since y; is). By means of MAGMA, it can be checked
that the centralizer Cg, (y3) of the involution yI in E, has order 216 .32.5.7.
Applying Strategy 1.22 to this group Cg, (y3), the author found a word for yJ; the
results are Cg, (y5) = (Sn.1, 81,2y Sn.3s Sn,4) and Y3 = (Sn,18n,28n,45n,15n,45n,25n.4)°.
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Now, by means of the MAGMA command
Subgroups (sub<E_nls_{n,1},s_{n,2},s_{n,3},s_{n,4}> :Al:=Normal)

it can be checked that Cg, (y1) = (En | Sn.1,5n.2, Sn.3, Sn4) has a unique normal
subgroup V,, of order 2!°. By means of the MAGMA command

HasComplement (C_{E_n}(y_377),V_n)

we can get a complement C,, of V;, in Cg, (y5). Now, by means of the MAGMA
command

exists(r_n){r_n:r_n in C_{E_n}(y_3"7)| y_372 in (C_n) {r_23}}

we obtain some element r, € Cg, (y5) such that y2 € (C,)™. It is also checked
be means of MAGMA that (C,,)" has order 2° - 3% - 5.7 = 20160. Now, for such
C, and rg, the author applied Strategy 1.22 for (C,,)™ and found a word for y3;
the results are (C)" = (tn,1,tn,2,tn,3) and 43 = (tn,1t7 3tn 1tn stn,1tn2tn 110,3)°
Finally, since y3 is of order 14, we get that

15 7 2\4
ys =yz~ = (y3)(y3)
2 2
= (SmlSn,25n748n,15n748n,25n,4)5(tn,ltn}3tn,ltn,3tn,ltn,2tn,ltn,3) 07
so we found a word fs.

The application of Strategy 1.22 was not so immediate. The command
GetShortGens for (H,)"™ was stopped in the middle by the author, until it gave
three elements j,, k,,, and I,, of (H,)"2. Now, another application of GetShortGens
using jn, kn, l, and the original generators for G,, yielded (H,,)™ = (jn, kn, On,Dn)-
Note that hg is of order 3 (since hg is). By means of MAGMA, it can be checked
that the normalizer N(g, ) ((hs)) of hg in (H,)™ has order 2® - 3* = 20736,
which is relatively small. Using Strategy 1.22 for Ny, ) ((h3)) in (H,)" yielded
Nw,yr2 ((h3)) = (0,1, Un,2,Vn 3) and finally hg = (vy,105,2)".

(d) This can easily be checked by means of MAGMA.
(e) The 9 words can be obtained by the command LookupWord.

(f) The objective of this theorem is to verify that the matrix group $ is isomor-
phic to 2Fiys, and also get a nice presentation for it. Thus $) is expected to have
Fizs as a quotient. In (¢) and (e) we had G, = (an, bn, Cn, dn, €0y frus Gns By in) =
(x3,Y3, h3) = Figg, with words for x3,ys, h3 in terms of an, by, Cn, dn, €ny frs Gy Pons
in, and vice versa (words for a,,by,,...,i, in terms of x3,ys, hg). There, the two
quotient groups Dy = D/(z1) and Hy = Hy/(k15) are embedded in G,, = Figs as
(p3,q3,3,y3) = (x3,ys3) and (ps, g3, hs), respectively. Recall that D and Hy are
embedded in the matrix group 9 as (p2, q2,r2,2) and (p2, g2, ha), respectively.

Let

ap = wa(;27027 h2)7 bn = wb(;% Y2, h2)a Cp = wc(;% 92, b?)v
an de(X27027[72)7 en :we(x27027b2)7 f’fL :Wf(?2a027[72)7
On :Wg(F27027h2), bn :wh(XQaUQaUQ)v 1” :wi(F%U?abQ)?

where the 9 words wg,wp,we, .. .,w; are the ones obtained in (e). Recall from
Lemma 4.4 that the generators a., by, Cn,dn,€ns frn, In, hn, and i, of G, satisfy
the set R(G,,) of defining relations. Now, let’s check if these nine matrices a,,
by Cns Ons Cny s Bns Bn, in also satisfy the set of relations R(G,). For exam-
ple, we had (b,cndnen fngnhns)? = 1 as the very last relation in R(G,,), and thus
we check if (,¢,0nenfn8nbn)° is the identity matrix in GL352(17). By means of



REPRESENTATION THEORETIC EXISTENCE PROOF FOR FISCHER GROUP Fig3 37

MAGMA, it is easy to check if each of these relations is satisfied by the nine matrices
anv bn7 c’n) a’n7 env f’n’ g’n7 h’ﬂ? in~

It turned out that all relations are satisfied, except for the three relations (b,c,)3,
(enfn)?, and (fngn)®. By means of MAGMA, it is easy to check that (b,c,)? =
(enfn)® = (fugn)®. So define a matrix 3, = (b,c,)3. Then, we can check that 3,
has order 2, and commutes with all three matrices 12, 12, and ho, and therefore also
with the nine matrices a,, b,,...,i, ; thus, 3, is a central involution of §. Now,
match the nine matrices a,, b,,, ..., i, with nine new abstract variables ay, by, ..., iy,
respectively, and 3, with another new variable z,. Then, the ten matrices a,, b,
<« vy i, 3n satisfy the set R(Gy) of relations, as written in the statement.

Now, let’s verify that the finitely presented group Gy = (ag, be, ce, dy, €s, fo,
9e, he, ig, z¢) having R(Gy) as its defining relations is isomorphic to 2 Figss. We
can observe in the defining relations R(G,) that z; is in the center of Gy, and
that z, is of order 1 or 2, since zg = 1. It is then also easy to observe that
Go/(z¢) is isomorphic to G, having exactly same relations. Therefore, since we
have G,, = Figy, we now know Gy/(z;) = Fiss. Hence, if Order(z;) = 2 implies
Gy = 2Fiyy, and Order(z;) = 1 implies Gy = Fiss. So, if we prove that G, has
a permutation representation of order = |2Fisy |, then we can deduce that Gy is
indeed isomorphic to 2 Fiss, and that this permutation representation is faithful.

As in Lemma 4.4(b), G,, has a subgroup V,, = (bn, ¢n, dn, €n, frs Gn, hin, in) which
is isomorphic to the simple group O(7,3), and that G,, has a faithful permutation
representation (PG,,)" of degree 14080 with permutation stabilizer V;,.

The strategy is to lift V,, to V; inside Gy by Vi = (be&1, ceba, de€s, eeéa,
fe&s, gee, €7, i€s) so that Vi, = O(7,3), by picking suitable &1, ..., s,
where each of &1,&s,...,&s is either 1 or z,. Since each of &,&,...,&s is ei-
ther 1 or z;, there are 28 = 256 cases to check. For each choice, the author
let Vo = (be&y, co€a, deés, ee€a, fe€s, 9ele, helr,1es), and ran the MAGMA command
CosetAction(G_1, V_1). Among the 256 cases, only one case returned a permuta-
tion representation of degree 28160, while all others returned that of degree 14080.
That single case, namely & = 2¢,& = &3 = &4 = 1,65 = 20,86 = &7 = &g = 1, is
exactly the lifting V; of V,, which we want.

To summarize, let Vi = (byzy, co, dy, eq, foze, ge, he, ie). Then, the MAGMA com-
mand CosetAction(G_1, V_1) gives a permutation representation PG, of degree
28160, which is of order 2'8.3%.52.7.11-13 = |2Fiyz |. Thus, as asserted, we have
Gy = 2 Figg, and this permutation representation PG, of Gy is faithful.

(g) Let

xo = Bi(ae, be, o, de, e, fo, 9o, hey i),
Yo = B2(ae, be, ce, de, o, fo, ge, he,ie),
hO = 63((1@7 bb Cy, d@a €¢, fhgb h’fﬁ ig),
where the three words i, 82, and (3 are the ones we obtained in the statement

(b). Then G¢ = (x0, Yo, ho) can be checked by means of MAGMA, using the faithful
permutation representation PGy obtained in (f).

(h) Let the three words (1, B2, and B3 be the ones we obtained in the statement
(b). Then, it can be checked by means of MAGMA that

Lo = ﬁl(ana b?m Cnvam €n, fnvgfu hn;in)a 2 = ﬂQ(aYH bnv cnaDTu en;fnagna b7l7in)7
h2 = /63(ana b, Cn, On,s En, fnvgnv bn,in)a
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where the nine matrices a,, b,, ¢, 0n, €n, fn, On, bn, and i, are the ones we
obtained in the proof of (f) (as words in rs3,9s,bhs). Therefore 12,92, and ho are
contained in (a,, by, ¢n, On, ey fry Oy Oy in ). Hence, (k2, 92, ha) = § is contained in
<an7 bny C’ru Dnv e’ﬂ? f’n) g’ru b’ﬂ? 171) It iS Clear that <ana b’rH Cn, Dna e’rm fnv g’rm b’l’u 1’I’L>
is contained in (ra,h2, h2) = 9, since the nine matrices a,, b,, ..., b, are words in
3,93, b3. Thus 9 = (a,, by, ¢, 0y €0, Froy Oy By in ). Recall that 3, = (by,c,,)3. Now
we have

Sj = <ana bn; c'ruan; ena f'rug'ru h’ﬂnln?zn)

Observe that these generating ten matrices a,, b, ¢, 00, €n, fns Ons Bn, in, 3n satisfy
the relations R(Gy). Therefore, the matrix group $) which is generated by these
ten matrices is isomorphic to some quotient group of the finitely presented group
Gy which has R(Gy) as its defining relations. We proved in (f) that Gy = 2 Figo,
and therefore § is isomorphic to some quotient group of 2Fiss. Therefore, §) is
isomorphic to 1, Fisa, or 2Fiss. Notice that 3, is an involution (hence not an
identity element) which in the center of this matrix group $). Among the three
choices 1, Figs, and 2 Figg, the only group with nontrivial center is 2 Fizs. Therefore
H = 2 Figs.

Hence, the natural homomorphism ¢ : $§ — G, given by ¥(a,) = ag, ¥(b,) = by,
U(en) = co, V(0n) = de,0(en) = eo, V(fn) = fo, W on) = 90,9(bn) = he, I(in) = is,
and 9(3,) = z¢ is an isomorphism. Note that zg,yo, and hy are expressed by
the three words (1,02, and (3 in terms of ay, by, ce, dy, ep, fo, ge, he, and iy, and
also that rs, 92, and hy are expressed by the three words (1, 82, and (3 in terms
of a,, b5, ¢n, 00, en, fn, On, On, and i,. Since ¥ is an isomorphism, it preserves the
multiplication of elements, and therefore we have ¥(r2) = zo,9(n2) = yo, and
9(h2) = ho.

The irreducibility of $ is checked by means of the MAGMA command
IsIrreducible.

O

Corollary 4.6. Keep the notations in Theorem 4.5. Let K = GF(17). Let H :=
Gy = {(x0,0, ho), and Dy := (x9,y0). Then, H and Dy have orders 2'8 - 39 . 52 .
7-11-13 and 2'® - 32 .5.7- 11, respectively. Then the following statements hold:

(a) Each Sylow 2-subgroup S of H has a unique mazimal elementary abelian
normal subgroup A of order 211. Also, Ny (A) = D = Cg(2).

(b) There is a Sylow 2-subgroup S such that its mazimal elementary abelian
normal subgroup A of order 2! satisfies Ny (A) = (x0,y0) = Dg.

(¢) There is an isomorphism ¢p : Dy — D such that ¢p(xo) = x1 and
ép(yo) = v1-

(d) A system of representatives w; of the 114 conjugacy classes of H and the
corresponding centralizer orders |Cg (w;)| are given in Table A.5

(e) The character table of H is given in Table B.S.

Proof. By Theorem 4.5, the finitely presented group Gy = (ay, by, c¢, dg, €g, fo,
ge, he, g, z¢) has a faithful permutation representation PGy of degree 28160, with
stabilizer (beze, ce, dg, eq, foze, ge, e, i¢). We also have that xg, yo, and hg are ex-
pressed as words in terms of ag, by, c¢, dg, €4, fo, ge, he, i¢, and that Gy = (g, yo, ho)-
Therefore, it makes sense to say H := Gy = (x0, Yo, ho), and computations are also
possible in Gy, by means of the faithful permutation representation of G,, and the
corresponding permutations for xg, yo, and hg. The orders of H and Dy := (xo, yo)
are checked with MAGMA.
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(a) By means of the MAGMA commands S:=SylowSubgroup(H, 2) and
Subgroups (S:Al:=¢‘Normal’’,IsElementaryAbelian:=true),

we obtain a Sylow 2-subgroup S of H, and the unique maximal elementary abelian
subgroup A of S of order 2''. By the MAGMA command IsIsomorphic, we can
also verify that Ny (A) = D.

(b) Let S be any Sylow 2-subgroup of Dy, and let A be as in (a). Then, it can
be checked by the MAGMA that Ny (A) = Dy.

(c¢) Recall that the matrix group (re,n2) is a faithful representation of D =
(x1,91) (by 21 — r2 and y; — v2), since so is (P2, q2,r2,h2). We showed that
$ = (r2, 92, ho) is a faithful representation of H = (xq, Yo, ho) (by 2o — 2, Yo — 92,
and hg — ba). Therefore, (r2,n2) is a faithful representation of (x,yo) = Dy (by
Zo +— 2 and yo — v2). Therefore there is an isomorphism ¢p from Dy to D such
that ¢p(zo) = z1 and ¢p(yo) = v

(d) and (e) Checked by means of MAGMA and Kratzer’s Algorithm 5.3.18 of [12].
(]
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5. CONSTRUCTION OF FISCHER’S SIMPLE GROUP Figs

By Lemma 3.2 and Corollary 4.6 the amalgam H «— D — FE constructed in
sections 3 and 4 satisfies the main condition of G. Michler’s Algorithm 7.4.8 of [12].
Therefore we can apply the Algorithm 7.4.8 of [12] to give here a new existence
proof for Fischer’s simple group Fias.

The readers should be aware of the abusive notation used in the following the-
orem. The symbols x, T, xs, 7,0, 20,0;,20,;,U;, S;, T appearing in the following
theorem have nothing to do with those of same notations appearing in Theorem
4.3.

Theorem 5.1. Keep the notations in Lemma 3.2 and Corollary 4.6. Let K =
GF(17). Using the notations of the character tables of B.3, B.2, and B.1 of H, D, E,
the following statements hold:

(a) The smallest degree of a nontrivial pair (x, ) € mfcharc(H)xmf charc(E)
of compatible characters which divides the group order of Fiaz is 782.

(b) There is exactly one compatible pair (x,7) € mfcharc(H) x mfcharc(E)
of degree 782 of the groups H = (Dg,h) and E = (D, e):

(x.7) = (x1 + X3+ X471 + T2+ T10 + T11)

with common restriction

XDy = T|p = ¥1 + Y1+ Y2 + Y6 + e + Y10 + Y15,

where irreducible characters with bold face indices denote faithful irreducible
characters.

(c) Let U and 20 be the up-to-isomorphism uniquely determined faithful semi-
simple multiplicity-free 782-dimensional modules of H and E over F =
GF(17) corresponding to the compatible pair x,T, respectively.

Let kg : H — GLzs2(17) and Koy : E — GLrgo(17) be the representa-
tions of H and E afforded by the modules U and 20, respectively.

Let v = kg (70), ¥ = kn(Yo), h = ko(ho) in ky(H) < GLrsa2(17). Then
the following assertions hold:

V\p, = Wp, and there is a transformation matriz T € GL7g2(17) such
that

r=7 'hy(2)T, v=T 'rku(y)7.

(d) LetY = GL782(17), D = <}?,U>, H = <x,1j,f)>. Let D = Cy(@) and H =
Cy(9). Let eg =T ‘kop(e)T. Let € = (D,e1) and € = Cy(€). Then the
following statements hold:

(1) There is an isomorphism

v:D — Dy = GLy(17) x K** < GL(17).

(2) H1 =~(H) is generated by the three diagonal matrices
ay = diag(3,1,1,1,1,1,1), as = diag(1,1,1,1,3,3,1) and
as = diag(1,3,3,3,1,1,3).
(3) & =~(€) is generated by the four diagonal matrices
b1 = a1, by = diag(1,3,3,1,1,1,1),
by = diag(1,1,1,3,3,1,1) and by = diag(1,1,1,1,1,3,3).
(4) D has 321 x 16 H-E double cosets.
(5) The free product H xp E of H and E with amalgamated subgroup
D has ezactly one irreducible 782-dimensional representation over K
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whose Sylow 2-subgroups have the same exponent as the ones of H. It
corresponds to the H-E double coset representative

F = diag(u, 12,177,176 1176 16330) € GL7go(17) where

“:(éﬁ)~

Lete = F~te1 F and & = (r,v,b,¢). The proof of this Sylow 2-subgroup
test for & is split into two parts. The first half is the order test for
the elements he and yebh; these two matrices have to have orders of
elements in Fiag (it turned out that he has order 12, and yeh has order
13). The second half of the proof is done in (e) of this theorem.
(6) The four generating matrices of & are documented in [10].
(e) & has a faithful permutation representation P® of degree 31671 with stabi-
lizer = (t,0,b).
(f) & is a finite simple group of order 2'8 - 33 .52 .7.11-13 .17 - 23 with
centralizer C(3) = = H of the involution 3 = (xp?)7.
(g) & has 98 conjugacy classes g;® with representatives g; and centralizer orders
|Ces(gi)| as given in Table A.6.
(h) The character table of & coincides with that of Fiag in the Atlas [4], its p.
178-179.

Proof. (a) The character tables of the groups H, D, and E are stated in the Ap-
pendix B.3, B.2, and B.1. In the following we use their notations. Using MAGMA
and the character tables of H, D, and F and the fusion of the classes of Dy =& D
in H and D in E, an application of Kratzer’s Algorithm 7.3.10 of [12] yields the
compatible pair stated in assertion (a), dividing the group order of Fisg; the group
order of Figg is taken from Atlas [4].

(b) The application of Kratzer’s Algorithm 7.3.10 of [12] also shows that the
pairs (x,7) of (b) is the only compatible pair of degree 782 with respect to the
fusion of the D-classes into the H- and into the E-classes.

(¢) In order to construct the faithful irreducible representation U correspond-
ing to the character x = x1 + x3 + x4 of degree 782, the author employed the
MAGMA command LowIndexSubgroups (PH, 4000) using the faithful permutation
representation PH of H of degree 28160 (see statements (f) and (g) of Theorem
4.5 for construction of PH). MAGMA found a subgroup U; of H such that the
followings hold.

Uy is of index 3510 in H, and x4 (dimension 429) is a constituent of the per-
mutation character (1y;,)". By GetShortGens the author obtained U; = ((yo)7,
(yohoydho)”, (Yohoyohoyo)”, (hoyghoyo)™s (hoyohous)”, (yahdys)''). By applying
the Meat-axe Algorithm to the permutation module (1;7) the author obtained the
irreducible K H-module U4 corresponding to x4.

Note that y; is the trivial character. Notice also that y3 is the unique irreducible
character of H of degree 352, and that we already have an irreducible representation
of H of degree 352, namely $ = (ra, 92, h2). Thus, we can use § as a representation
of H corresponding to xs3.

In order to construct the faithful irreducible representation 20 corresponding
to the character 7 = 7 + 7 + 719 + 711 of degree 782, the author employed the
MAGMA command LowIndexSubgroups (PE, 1500) using the faithful permutation
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presentation PE of E of degree 1012 (see Lemma 3.2 for construction of PE).
MAcMA found subgroups Si,S2, and Ss such that the followings hold.

Sy is of index 506 in E, and 7o (dimension 22) and 719 (dimension 253) are
constituents of the permutation character (1s,)”. By GetShortGens we get S; =
((yiern)®, (wizyiziy)®, (yierr1)?, (yierr1y?)*). By applying the Meat-axe Al-
gorithm to the permutation module (1g,)¢ the author obtained the irreducible
K E-modules 25 and 201 corresponding to o and 7y, respectively.

S is of index 1012 in E, and 717 (dimension 506) is a constituent of the permu-
tation character (1s,)”. By GetShortGens we get Sz = {((z1e1y1)?, (z1yizier)?,
(y3x19y12191)%). By applying the Meat-axe Algorithm to the permutation module
(152)E the author obtained the irreducible K E-module 2017 corresponding to 711.

Therefore we can obtain the representations kg : H — GL7g2(17) and key :
E — GL7g2(17) of H and E afforded by the modules U and 20, respectively, as
follows. As before, U = U1 & V3 ® Yy, where Y, is the trivial K H-module, and
U5 corresponds to the representation kg, : H — GLg3s2(17) given by ke, (zo) = ro,
ks (Yo) = Y2, and Ky, (ho) = ha. Then, the matrices for kg can be obtained by
diagonal joining, for example,

Rag (IO) = dia’g(K’ml (xo), Ragg (‘TO)’ Ry (‘TO))v

where kg, : H — GL1(17) and kg, : H — GL429(17) are the representations of
H afforded by the K H-modules U, and Uy, respectively. And similarly for ¢y and
hg, too. For E side, let 00 = 207 ® Ws & Wig ® W1, where W, is the trivial
K FE-module. Then, the matrices for kg can be obtained by diagonal joining, for
example,

K‘Qﬁ(xl) = diag(ﬁgﬁl (.231), g (5!?1), K910 (x1)7 Koy (xl))7

where kgy, : E — GL1(17), ke, : E — GL22(17), Kan,, : E — GLas3(17), and
Kapy, @ B — GLs(17) are the representations of E afforded by the K E-modules
201, Ws, Wi, and 211, respectively. And similarly for y; and eq, too.

X|py = T|p means Y|p, = W p. Recall that two representations of a group
being isomorphic means that there is some matrix 7 such that for every element
of the group, the matrix for the element corresponding to one of the two repre-
sentations is conjugate to the matrix for the same element corresponding to the
other representation by 7. However, here we have two isomorphic groups Dy and
D instead of identical groups. So, employing an isomorphism ¢p : Dy — D as
obtained in Corollary 4.6(c), now we can see that V|p, = W|p means that there
is some 7" € GL7g2(17) such that rey|p, (6p(9)) = ’Tl_lmmT(g)Tl for all g € Dy.

Assuming we have such 7', we get
t = K |p, (T0) = kw|p, (¢p(1)) =T ke p(z1)7T, and
b = K py (Y0) = Kup, (¢p(W1) =T ke p(y1)7,

thus t = 7 lkay(21)7 and vy = 7 'kou(y1)7, as desired in the statement (1).
Knowing that such 7 exists, we can apply the Parker’s isomorphism test of Propo-
sition 6.1.6 of [12] by means of the MAGMA command

IsIsomorphic(GModule (sub<Y|W(x1) ,W(y1)>),GModule (sub<Y¥|V(x0),V(y0)>)),

which gives the boolean value, which is true in this case, and the desired transfor-
mation matrix 7.

By assertion (b) and Corollary 7.2.4 of [12] this transformation matrix 7 has to
be multiplied by a block diagonal matrix Sy of GL7g2(17). In order to calculate its
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entries one has to get the composition factors of the restrictions x; p, and i\ p to

Dy and D, respectively. From the fusion and the 3 character tables B.3, B.2 and
B.1 follows that:

X1py =¥1, X3|py = ¥9 + V10, Xajp, =V1+ Y2+ 6+ Y15, and
T p =1, T2p =¥1+vY2, Tiop = Y6 + Yo, Ti1p = Y10 + Y15-

Thus, by applying the Meat-axe Algorithm to x4|p,, we get the KD g-modules
Us, U, and 5 of Dy = D, such that Vyp, = U & Uy & Ug & L5, where Ll
is the trivial K Dy-module. We already have the constituents K D pg-modules g
and o of the restriction of U to Dy, so that U3z p, = g & tho. Thus we also
have QUQ|D =5 B Uy, QUlO\D > $g B Ly, and QU11|D =~ o ® Ui5. It is clear
that %”DH =4 = QU”D. Notice that the K Dg-modules can be thought of as
K D-modules and vice versa, via the isomorphism ¢p : Dy — D. Now we have

Q]|DH 2 pU DU B Ug D Uy P Uy DUy = QI]|D.
Therefore, there is a transformation matrix Sy € GL7g2(17) such that

S(;lﬁm(xo)so = diag(liﬂl (xo), Kty (£E0)7 Rty (x0)7 Kilg (xo), Kty (ZL'()), Kty (.’ﬂo), Kily5 (!Bo)),
and

80_1'%‘3 (yO)SO = diag(“{ih (yO)a Rty (yO)a Rty (yo)v Kilg (y0)7 Kilg (y0)7 Kl (y0)7 Rily5 (yo))v

where kg, : D — GL1(17), Ky, : D — GLo1(17), Ky, : D — GL77(17), Ky, : D —
GL176(17), Kyyy : D — GL176(17), and ky,, : D — GL3gz0(17) are the represen-
tations of D afforded by the modules L, s, U, g, Lo, and L5, respectively.
This matrix Sy can be obtained by applying Parker’s isomorphism test to the two
modules U and U B Uy B Us B Ug D LUy P Uy @ Uy5. To be precise, the author
did this Parker’s isomorphism test first for lower right 781 by 781 submatrices of
the relevant matrices, and then enlarged the transformation matrix by diagonally
joining 1 in the upper left corner. By this way we can be guaranteed to have
right restrictions as we expect. We can assume that we started with Sy 1/117(%)80,
Sglnm(yo)so, and S&lnm(ho)&) as r, y, and b, at the beginning of the statement
(c). Hence, ¢ and y are now assumed to be in the block diagonal form as follows,
from the beginning (then h would be in a certain block form; although not block
diagonal, it still carries the structure of By & Vs & Vy):

r = diag(ky, (o), Ky, (T0), Kut, (T0), Fug (T0), Kut (T0); Kityo (T0), Fuys (T0)), and

N = diag("iul (yO)a Rty (yO)a Rily (yO)v Rilg (y0)7 Rilg (y0)7 Rilio (y0)7 Rily5 (yO))

(d) Let Y = GL7s2(17), D = Cy (D), H = Cy (%) and € = Cy(€). By (b) the
restrictions of the compatible characters (x, ) are not multiplicity free. Therefore
Theorem 7.2.2 of [12] asserts that one has to determine the H-£ double cosets of
D in order to find all the suitable representations of degree 782 of the free product
H xp E with amalgamated subgroup D. How a double coset representative gives
rise to a representation will be explained later in this proof.

For each integer k let v* denote the diagonal matrix of GLj(17) having all
diagonal entries equal to v € K*.

From (c) we know that each element of © = (ro, o) is of the block diagonal form
as follows:

9= diag(”ﬂl (g)a Rl (g)’ Kty (g)’ Kitg (9)7 Kitg (g)v ”ﬂlo(g)a Ritys (g))7
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for any element ¢ € Dpy. Note that all of ky,, Ky, , Ksig, Ky, Rsty,, and Ky, are
irreducible representations of Dy. Therefore, by the Theorem of Artin-Wedderburn
(Theorem 2.1.27 of [12]) we know that each element V of D = Cy(®) can be
represented as a blocked diagonal matrix

V = diag(a, b, c™", d* 76, €70, £330) € GLygo(17)
where a € GL3(17) and all b, ¢,d, e, f € K* are uniquely determined by V.
The map v : D — Dy := GLy(17) x K*° defined by
~v(V) = diag(a,b,c,d,e, f) € GL7(17)
is an isomorphism. Thus assertion (1) of (d) holds.
Let Hy = ~v(H), & = v(€). Recall from the proof of (c) that

X1|py =¥1, X3|py; = Y9+ VY10, Xajp, = ¥1+ Y2+ 6+ Y15, and
Tip = Y1, T2ip =¥1+ Y2, Tiopp = ¥6 + Yo, Ti1p = Y10 + Y15.

Since 3 € K generates the multiplicative group K™ of K it follows from these
restrictions that Hy = (a1, az2,a3) and & = (b1, be, b3, by) where the generators a;
and b; denote the diagonal matrices of GL7(17) given in assertions (2) and (3) of
statement (d), respectively. In particular, H; and &; are abelian.

Recall that we have to determine the H-E double cosets of D. Since v is an
isomorphism it suffices to determine the H-&; double cosets of D;. Let A and B
be the direct factors GLy(17) and K*® of Dy, respectively, so D; = A x B. Let
b4 : Dy — Aand P : D; — B be the projection mappings, i.e. ®4(ab) = a and
®pg(ab) = b for all @ € A and b € B. Thus, for any element g of Dy, the projection
® 4(g) is just the upper left 2 by 2 submatrix of g, and ®z(g) the lower right 5 by
5 submatrix of g.

Let A1, Ay be two representatives for a single H;-£; double coset, i.e. H1\ & =
Hi1X2&1. Then Ay € HiA &1, and therefore Ay = aAb for some a € A and b € B.
Note that any element of D; can uniquely be written as multiplication of an element
in A and an element in B. Therefore, there exist &;,d1,0; in A and &a,02, 05
in B such that A = 6105, a = && and b = 105. Then, Ay = alb implies
Xo = (€162)(0105)(6165).

Observe that elements of B commutes both with elements of A and those of B.
Therefore, )\2 = (5152)(0192)(¢11/}2) implies AQ = (§191w1)(§292w2). Since 5191#}1 S

A, 52921/}2 € 67 and (I)B()\l) = 027 we have @B(}\Q) = 52921#2 = 52@3()\1)2[)2. Let
Ho = Op(H1) and E = Pp(E1). Then, Pp(As) = &Ppr(A1)1Y2 means that $p(Aq)
and ®p(\2) represent a single Ha-E; double coset in B = &g(Dy).

Since B is an abelian group, we get that H2&s is a group, and that Ho-E double
cosets are just HoE2-cosets. Observe that the group Ho& are generated by ®5(a;)
and ®3(b;), where

cI)B(al) = Id(GL5(17))7 (PB(G/Q) = dlag(L 1,3,3, 1)? (bB(aS) = dlag(37 3, 1,1, 3)7

(I)B(bl) = Id(GL5(]—7))7 @B(bZ) = dlag(S, 1,1,1, 1)7

Bs(bs) = diag(1,3,3,1,1), @s(bs) = diag(1, 1,1,3,3).
It is checked in MAGMA that the group H2& has order 16%, and that the set of
sixteen matrices ¢; = diag(1,1,1,1,7), where j runs through 1,2,3,...,16, serves
as a complete set of representatives of distinct HoEo-cosets in B.

What is just proved is that for any H;-&; double coset representative A\, we can
find some a € H; and b € & such that ®p(a)@p(A)Pp(b) is of the form (;, for
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some j (in the above argument, we had & = ®g(a) and 9 = ®(b)). Now, aib
represents the same H1-&; double coset as A, and we now have that ®g(ab) =
®(a)Pp(A)Ps(b) is of the form (;. Hence, we can now assume that any double
coset representative A satisfies @5(\) = ¢; for some j. Now, suppose that A\; and Ag
represent a single H1-&; double coset. We proved above that ®5(A1) = (; = ®5(A2)
for some j.

Fix any j € {1,2,3,...,16}. Let’s find out how many distinct H;-&; double
coset representative A there are such that ®g(A) = ;. Let A; and As be H1-&
double coset representatives such that ®3(A1) = {; = ®5(A2) for this fixed j. Then
Ao € HiM &1, and therefore Ao = aX1b for some a € H; and b € 81 Observe
that H, is abelian and is generated by a1, ag,as. Therefore a = a7'aj?a3® for
some w1y, 72,3 in {1,2,3,...,16}. Similarly, & is abelian and is generated by
b1, b2, b3, by. Therefore b = b7*05205°b7* for some 01,09,03,04 in {1,2,3,...,16}.
We can observe by computation that

a=ajtay?az® = diag(3™,3™,3™ 3™ 372, 3™ 3™), and
b= bbb = diag(3°*, 372,372,379, 373 374 3°4).
For ¢ = 1,2, we know that A; = diag(®4(\;), 5(\;)) and that Pp(A;) = (; =

diag(1,1,1,1,5). Let ®4(A\1) = (A5) and ®4(X2) = (CA,; g:). Thus, we can
observe that
arib = a[diag(®4(X1), P(M))]b = a[diag((4 B),1,1,1,1,5)]b
— dlag(( 0 393 ) (é g) (381 392 ) 73W3+02,3W3+03’ 3772-"-037 3772+04’j37r3+04)
We also have
Ay = diag(®a(A2), Pp(A2)) = diag((4 5)),1,1,1,1,5),

and therefore from Ay = adib we get (3;" %) (2 5) (3 %) = (éj g:) and
37mstoz = 3Mstos — gmatos — 3metos — 3MHo4 — 1, It is easy to see that 3T T92 =
3mstos — 3metos — 3metos — 3mstos — | implies

T3 = —02, M3 = —03, Tg=—03, Ty=—04, T3= —04,
SO that Mo = M3 = —09 = —03 = —O04.
Now let’s look at
3™ 0 AB 301 0\ _ [ A B
0 3™ CD 032)=\ D)

Since 71, s, 01 are arbitrary and oo = —ms, the above equation can be rewritten

as
(6)(&8) (ou™)=(&5).

where s,t, u are any elements in K*. By computation we get (§9) (4 5) (%)

= ( (st4) (su”'B) ) Hence, the above equation becomes

(tuC) D
o (AP = (45).

(A8) ~ (4 B))if (x) holds. Then, it is easy to prove
that ~ is an equivalence relation. It is easy to observe that we have (é By ~
(C, Di) if and only if D = D’ and ( D ) can be obtained by multiplying some
numbers€ K* to the first column and the first row of (& B). Therefore, it is just
an easy computation by hand to get the complete list of representatives for distinct

equivalence classes of ~. The list of representatives is presented as follows.

Define a relation ~ by :
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For cases D = 0,

01 11
(96) and (25)
are the representatives for all possible distinct classes, where ¢ runs through K*.

This gives 1 4+ 16 = 17 cases. For cases D # 0 and at least one of A, B,C' is 0,

(1e). (8e). (¥e), mna (62)

are the representatives for all possible distinct classes, where ¢ runs through K*.
This gives 4 x 16 = 64 cases.

For cases when A, B,C, D are all nonzero,

11
cd
are the representatives for all possible distinct classes, where ¢ and d runs through

K* and ¢ # d. Here we have 162 — 16 = 240 cases. Now we have the complete list
of equivalence classes of ~, and there are 17 + 64 + 240 = 321 classes.

What is just proved is that, for any fixed j € {1,2,3,...,16}, there are 321
distinct H;-&; double coset representatives A such that ®z(A\) = (;. Therefore, the
number of H1-&; double cosets in D; is exactly 16 x 321 = 5136 as desired in (4).
We also have a method to enumerate all the double coset representatives; namely,
each double coset representative is of the form

My, ; = diag(my, 1,1,1,1,5),

where j ranges in K* and my, € GL2(17) runs through the 321 choices for (& B) de-
scribed above. Since there are 321 choices for my, the subscript k& can be considered
to range in {1,2,...,321}. For each k, let my; = v~ (My ), exj = m;’;elmk,j,
and

(5k,j - (L 9, ba e/’€7j>-

As stated in Theorem 7.2.2 of [12], this matrix group &y ; is the representation
which corresponds to the double coset representative my, ;.

As mentioned in the statement (5), only first half of the Sylow 2-subgroup test
of Step 5(c) of Algorithm 7.4.8 of [12] for each &y ; is done here. For each k, j,
the author checked the orders of the matrices hey ; and ey ;b with MaGgmA. If
either of the two matrices has an order which can’t be the order of an element of
Fias (information on largest order of elements in Figg is obtained in Atlas [4]), then
the particular pair (k,j) is discarded. Through this test, only one case survived,
namely the case is with j = 16 and k = ko such that

11
Mko = ( 9 14) :
For this ko, let e = ¢, ; and & = Gy, 16 = (1,9, b, ¢). It is checked with MAGMA
that the two matrices he and yeh have orders 12 and 13, respectively. So (5) is

done. The four generating matrices g, y, b, ¢ are documented in the author’s website
[10] as mentioned in (6).

(e) Using the algorithm described in the proof of Theorem 6.2.1 of [12] imple-
mented in MAGMA, a faithful permutation representation P® of & of degree 31671
with stabilizer §) is obtained. In order to use this algorithm for getting permu-
tation representation, the author had to look for a short-word matrix in terms of
1,9, h, e which has order 23 (since 23 divides the order of &, but not the order of
the permutation stabilizer §)); the matrix ryeh? of order 23 is used.
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In particular, it is shown by means of MAGMA that |&| = 28 .313.52.7.11.
13- 17 - 23, using the faithful permutation representation P®.

(f) Let 3 = (x»?)". Using the faithful permutation representation P® of degree
31671, it is verified that Cg(3) = H = H.

(g) Using the faithful permutation representation P® of degree 31671 and
Kratzer’s Algorithm 5.3.18 of [12], the representatives of all the conjugacy classes
of & are obtained using MAGMA, see Table A.6.

(h) Furthermore, character table of & is computed by means of the above per-
mutation representation P® and MAGMA. It coincides with the one of Fisz in [4],
p- 178 -179. The character table of & implies that & is a simple group. This
completes the proof.

O

Remark 5.2. Let 1 = Vi X Mayg be the split extension of Masg by its simple
module Vi of dimension 11 over F' = GF(2). Then E; has a unique class of 2-
central involutions represented by some element zy. However, when applying the
Algorithm 2.1 to Ey, an overgroup of Cg, (2}) of odd index satisfying all conditions
of Algorithm 2.1 was not found. Hence Algorithm 2.1 can’t be applied for further
steps.

Remark 5.3. Let Fy = Vo x Mag be the split extension of Mo by its simple
module Vo of dimension 11 over F' = GF(2). Then E3 has three classes of 2-
central involutions represented by some elements zb, 24, and z). However, when
applying the Algorithm 2.1 to Ea, an overgroup of Cg,(z.) of odd index satisfying
all conditions of Algorithm 2.1 was not found, for any i = 2,3,4. Hence Algorithm
2.1 can’t be applied for further steps.
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APPENDIX A. REPRESENTATIVES OF CONJUGACY CLASSES

A.1. Conjugacy classes of E(Fias) = E = (x1,11, €1), with subscripts dropped

Class | Representative [Centralizer] 2P [3P [ 5P [ 7P [11P [23P
1 1[2% .32 5.7 11-23] 1 [ 1 [ 1]1 1 1
2, (y)" 2832 5. 7. 11 1 [ 29 |21 [ 21 [ 21 | 21
25 (ye)® 278 .37 5.7 1 [ 25 |25 [ 25 [ 22 | 22
23 (zye) 2183251 1 [ 25 [ 25 [ 23 | 25 | 23
24 e 2113 711 [ 25 [24 [ 24 [ 24 | 24
25 x 21311 [ 25 [ 25 [ 25 | 25 | 25
3 (y3e)? 2".37.5[ 313|333
4, (zyZzey®)” 21T 3 72, [ 40 [ 40 [ 44 [ 41 | 44
4, (zye)? 21203 25 [ 45 [ 45 [ 45 | 45 | 42
45 (y2%e)? 21203 25 [ 45 [ 45 | 43 | 43 | 45
4, (y3e)® 21103 2, (44 [ 4y [ 44 | 44 | 44
45 (zey)? 291 25 | 45 [ 45 [ 45 [ 45 | 45
44 (zyey®)? 29125 | 46 | 46 | 46 | 46 | 46
47 e 2 24 47 47 47 47 47
5 (zyzye)? 22.3.5| 5[5 [1][5 5[5
61 (zyzey?) 27.3%.5[ 3 [ 2561|6161 | 61
62 (zyexe)? 27323 [ 23 [ 62 | 62 | 62 | 62
65 zyey e 27.32] 3 |2, [ 65| 63| 63 | 63
64 (y3e)? 25.37[ 3 [ 25 [ 64 [ 64| 64 | 64
65 ryzerey 25.3%2] 3 |23 |65 | 65| 65 | 65
66 yle 25.3] 3 [ 24|66 | 66| 66 | 66
67 Tyzeyze 25.3] 3 |25 67|67 ] 67 | 67
71 (y)2 X7l 1l n
72 (ye)? RS
81 (azye)2 27 45 81 81 81 81 81
8o er 27 43 8o 89 89 89 89
83 :By26y26 27 45 | 83 | 83 | 83 83 83
84 zey 25 45 [ 84 [ 84 [ 84 | 84 | 84
85 zyey® 2546 [ 85 [ 85 [ 85 [ 85 | 85
10, (zyzey®)® 25.3.5] 5 [104] 23 105 [ 10, [ 104
102 Tyzye 25 .5 5 [102] 25 [105] 104 | 104
105 zyzyey 2.5 5 [105] 21 [103] 103 | 105
11, (zy™)? 211|115 |11, [115 [11o] 1 |11,
11, (zy>)? 2-11[11y [11o 1111, 1 [11s
12, ryexe 25 .3 65 | 45 127|127 ] 127 [ 124
12, Tyzyzey’ 25.3] 65 | 43 [125[125] 125 [ 12,
123 yoe 2. 3] 64 | 44 [125]125] 125 [ 125
12,4 yoeyle 2731 64 | 41 [124]124] 124 [ 124
14, zyey? 25 . 7| 7o [145 145 25 [ 144 [ 144
14, zy° 25 7 7y 147 (141 ] 25 [ 145 [ 145
143 Yy 22 -7 71 144 144 21 143 143
144 ye 22 -7 72 143 143 21 144 144
145 TYyre 22 -7 72 146 146 24 145 145
146 zy e 27 . 7 7, (145145 [ 24 [ 146 | 146
15, zy e 2-3-5[15:| 5 | 3 [155] 155 |15,
155 (zy°ey)? 2-3-5[152] 5 | 3 [15,[ 155 [ 159
161 Tye 25 81 161 162 162 161 162
165 zey® 2518, [165[161 |16 [ 165 | 16,
221 :Eys 2-11 111 221 221 222 21 221
222 a:ey2 2-11 112 222 222 221 21 222
231 reyey 23 231 231 232 232 232 T
232 Y eyxre 23 232 232 231 231 231 1
28, zy’xey 27 . 7114, [28, (28, 41 [ 28, [ 28;
28, zey ey 27 . 7114528, [28; | 41 [ 28, [ 28,
30 Tyzey” 2-3-5[155 [ 104 | 61 | 302|305 | 30;
302 zy ey 2-3-5[155 |10, | 61 |30, 301 | 302
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A.2. Conjugacy classes of D(Fisz) = D = {(x1,y1) = (xo,y0), with subscripts
dropped

Class| Representative [Centralizer] 2P [3P [ 5P [ 7P [11P
1 1[2™.3%7.5.7.11[ 1 [ 1|11 1
2, (zy®)7 27837 5.7 11 1 [ 21 [ 21 [ 21| 21
25 (y)” 27737 5.7 1 [ 22 [ 22 [ 22 [ 22
23 (zy°)” 217327 5.7 1 [ 25 [ 23 | 25 | 23
24 (zyay>)® 2. 3.5 1 [ 24 [ 24| 24 | 24
25 (zyzy>)® 2T .3.51 1 [ 2525 | 25 | 25
26 (zyzyzy®)? 2163211 [ 26 | 26 | 26 | 26
2, x 2™ 311 [ 27,27 | 27 | 27
28 (zy3zy®)? 211311 [ 25 [ 25 | 25 | 28
29 (aryzxy3xy2xy5)2 21311 120 [ 20 | 20 | 29
3 (zyzy>)® 27321 31 [ 33 3
4, (zyzy>)? 21T 325 [ 4 [ 41 |40 | 44
4, (zyzyryzy®)® 211325 [ 45 | 45 | 42 | 42
45 (zyzy>)?® 21212, [ 43 [ 45 | 45 | 45
4y (wywy1y27;y6)2 2121 2, [ 4, [ 44 [ 44 | 44
45 (zyzy®zy>)? 2103126 | 45 | 45 | 45 | 45
4¢ (zyxyzxyzyﬁ)g’ 21031 24 | 46 | 46 | 46 | 46
4, zyzy’ zy® 210 o [ 4, [ 47 [ 47 | 45
4g (zyzy>zy>)? 291 27 | 45 | 45 | 45 | 4s
49 (zyzyzy®)? 29127 | 49 | 40 [ 40 [ 40
410 zy zy zy® 2° | 28 [410 [ 410|410 410
411 zy zy zy’ay® 2° 1 29 (411 [411 | 4131 | 411
412 zyzyzy rytey 2° 1 29 [412 412|412 | 412
413 zyzyryzy’ay’ 27| 25 [413 | 413 | 413 | 413
5 (zyzy®)? 2.5 551 [5]5
61 (zymyZIy:ryG)?’ 27.3%]1 3 [ 26 | 61 | 61 | 61
62 ccyZIyZInyy?’ 27.3%7] 3 26 | 62 | 62 | 62
63 :vy:ry%sy%cy%:ys 27.3%] 3 21 | 63 | 63 | 63
64 TyTyTYy TYTYTYS 2° .37 3 [ 26 | 64 | 64 | 64
65 xymnyyﬁx;Lf 25.3%] 3 26 | 65 | 65 | 65
[ zyzy zyzy cy® 2° .37 3 [ 23| 66 | 66 | 66
67 | zyzyzyTzyZrycy® 2°.3%7[ 3 [ 22|67 | 67| 67
6s (zyay®)? 2°.3[ 3 [ 25 | 65 | 65 | 6s
69 zyzy’xy” 25.3] 3 [ 2469 [ 69| 69
610 vy’ zy? 2°.3] 3 [ 25 [610]610] 610
611 zy’wy® 2°.3[ 3 [ 27 [ 611611611
71 (y)? 22 7 [T [T [ 1 [Ty
72 (zy*)? X 7| [ [ 17
81 (zyzy>)? 27 45 | 81 [ 81 [ 81 | 8
8o xy;cywy2my6 27 44 [ 8, [ 82 [ 85 | 85
83 ;cyrcyﬁxy3wy4 27| 4, 83 | 83 | 83 | 83
84 Tyzy Ty’ 251 45 184 [ 84| 84 | 84
85 2y zy Ty 251 45 185 [ 85 | 85 | 85
86 a:yzxyzwyzzyg’ 28 45 | 8 | 86 | 86 | 86
87 TyTy° TY> 25| 45 | 87 [ 87 | 87 | 87
8s zyzy zy’ 25| 49 | 85 | 85 | 8s | 8s
104 zyzy® 2.5 5 [102] 23 [102] 104
104 zyxy® 2.5 5 [10,] 23 [107 [ 104
103 zyzy xy® 25.5] 5 [103] 25 [105] 103
104 TyTy TyTY 25.5] 5 [106] 25 [10g | 104
105 zy ayzy’t 2%.5] 5 [105] 24 [105] 105
106 zy oy Ty 25.5] 5 [104] 25 [104] 106
10~ cyzyzy zySzy’ 2.5 5 [107] 2, [107] 107
11, (zy>)? 211 119|113 [11, [115] 1
115 (zy®)* 21111, [11[11o |11, [ 1
12, zyzy’ryxy® 25.3[61 | 46 [12;]12;] 123
125 zyTyTy-xy’ 25361 | 45 [122]122] 129
123 zyzy® 27 .30 6s | 41 [125]125] 125
124 zyzy cyxy” 27 . 3] 6g | 40 [124[124] 124
14, y 27 .77 146 [ 146 | 22 | 144
145 2y 27 . 7] 75 [145 145 | 21 | 145
143 zy° 27 . 77 |14, (144 25 | 145
144 zyzy® 27 .7 75 [145[145] 25 | 144
145 zyzy? 27 77 [14, 145 21 | 145
146 zy°xy® 27 . 7 7o |14 [14, ] 25 | 144
161 zyzy> 2518, [161 165|165 | 164
164 TyTyTYy> 2518, [162]161 161 | 162
22, zy° 211|114 | 227 [ 227 [225] 24
22, TyzyTy Ty’ 2.11[115[225[225 221 ] 24
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A.3. Conjugacy classes of Ha = (pa, qa, ha), with subscripts dropped

Class| Representative | [Centralizer] | 2P [ 3P [ 5P
1 1 23T 5[ 1 [ 1] 1
2, (rq) 2. 3T 511 [ 27 | 21
2 (»%q)° 218 . 3T 51 1 [ 2, | 25
25 (p°h?%q)® 218 . 3T 51 1 [ 25| 25
24 (9)° 2173751 1 [ 24| 24
25 P25 23T .50 1 [ 25 | 25
26 (qh)® 21632171 | 26 | 26
27 (p®hqh)® 2163211 [ 27 | 27
2g (p2qp2h)3 2163211 | 25 | 2¢
29 (phphg®h)® 2163211 [ 20 | 29
210 (pgh)® 27731 1 (210210
21, (pghq)® 2731 1 |25 (21
212 (paph)® 25371 1 [215[219
213 (p*hq?)® 2™ . 371 1 [213] 213
214 (p°hqh)* 27031 1 [254 214
215 (ph)s 211 - 32 -5 1 215 215
216 (phgh)® | 2™ .37 .5[ 1 [216]216
217 (®»)? 2831 1 217|217
218 (pg*)° 27531 1 [215]21s
219 (p2qp2qh)3 213 -3 1 219 219
220 (p*qpgph)® 2™ .31 1 [250]220
221 p2q3 212 -3 1 221 221
229 (papg*h)® 272 .3 1 [205 222
203 p°h’>qhgpq 2751 [295 (203
224 (pzhphz)s 210 3 1 224 224
3, h 28 . 373, [ 1 |3
3, (pgh)? 29333, [ 1 [3,
33 (9)2 2633133 | 1 |33
4, (p%qph)® 2123312, [ 41 | 44
4, (phq)® 21132 5] 2, [ 4, | 45
43 (p°hqh)?® 211 .37.5[ 2, [ 45 | 43
44 (pg)? 2123 2, | 44 | 44
45 (pgh)® 2T 31210 45 | 45
46 (¢°h)> 2TT . 31210 | 46 | 46
47 (PQP’“J)S 2T 31210 47 | 47
4s (pg*h)® 2T 31211 | 45 | 4s
4o (quphpqh)3 230215 [ 49 [ 4o
410 (P’qpa®h?)? 2T 31210 410410
411 (qh)3 2703126 [411 (411
412 (gh?)? 27031210 [412 [ 410
413 (thQ)s 27031211 [413 [ 415
414 (»? hqh)3 21031 27 [414 [414
415 (pq h #)® 27031210 [ 415 [ 415
416 Shph 27031 27 | 416 416
417 (P hph2 )° 2103125 [ 417 417
418 @’ hphphq)s 27731 26 415418
419 (p”hphq)? 2771215 [419 [ 410
420 (pqpqhq)2 2T 121, [490 [420
42 (pg®)? 29 3[ 218 [421 [ 421
492 »°q)° 273217 [4a2 [ 422
423 (pqph)3 273|215 | 4o |43
424 (P qh)® 273215 [4o4 [ 424
425 (P qhq)® 293212 [4a5 [ 425
426 P hP")S 2931217 [426 [ 426
427 (p’hqh)? 270214 [457 [ 457
428 p®qph*qh 2101214 [425 [ 408
429 p 27217 [429 | 429
430 pq° 271215 [430 | 430
431 phqh® 271217 431 [ 431
432 p qp°h 27121 [ 435 [ 430
433 p2q>ph” 271210 [ 433 | 433
434 pqhqhg 271217 (434 | 434

435 p>hghq® 271217 | 435 | 435

436 pgphgph 271215 [ 436 | 436

437 pq” hphgh 271217 [437 | 437

43s P hphpg®h 271217 435 | 438

430 pq°h>q°ph 271210 430 | 430

440 pa°phg 2% | 217 | 440 | 440

441 pgpgpgph 2° [ 217 | 441 [4m
5 (ph)? 2 55 [ 5] 1
61 °h 2837131 [ 24 | 65
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Conjugacy classes of Hy = (pa, qa, ha), with subscripts dropped (continued)

Class | Representative | [Centralizer| | 2P | 3P [ 5P
62 (papgh)® 2% 373, [ 25 | 63
63 (pg°ph)® 2% 373, [ 25 [ 62
64 (phphq)? 25.3713, [ 2, [ 64
65 q°h? 25.3713, [ 24 [ 61
66 (p%ghgh)® 25 .3713, [ 25 | 66
67 (pghqph?)® 2% 3713, [ 2, | 67
68 (p?qph)?® 27.3%[ 35 [ 21 [ 63
69 (pshqh)2 29 . 33 32 22 69
610 p°hph’pg® 27.3%[3, [ 23 | 630
611 p°qhpq 2%5.3%135 [ 25 [611
612 p>hpghpq 2%5.3%1 35 [ 24 [612
613 (qh)? 2% .37[ 3, [ 26 | 613
614 (pgph)? 2537131 [212 [ 616
615 (p°hgh)? 283713, [ 27 [615
616 (pg°ph®)? 2537131 [212[614
617 phgph® 2%.37[ 3, [213]61s
615 phqhph? 2837131 [ 213 [ 617
619 pq3h,2phq 2% .32 34 28 | 619
620 p°hpgh’q® 2537131 [ 29 [620
621 (pqth2)2 26.3%[ 35 [ 22 [621
622 p>hphpq 26.3%[ 35 [ 23 [622
623 q>hghgh 2°.3%] 35 [ 21 [ 623
624 p2qh? 27 3% 35 [ 26 [624
625 p’ap’h 2737135 [ 25 625
626 p> hphph 27 3% 35 [ 27 | 626
627 q2h2qhqh2 27 32 32 29 627
625 q 25 3% 33 [ 24 |62s
629 p°qp°hph 2°.37] 33 [ 25 [ 629
630 (pgh)? 2% -3| 32 | 210 | 630
631 (pghq)* 2% -3| 32 [ 211|631
632 p’hq> 203735 [ 213632
633 phghgh® 2°-37] 35 [ 215 [ 63s
634 ph>q°h> 2537135 [ 216634
635 p’qpg°ph 25.3%[ 35 [212 635
636 p°h’pg 27-3] 35 [ 214636
637 ghgh® 2° .37 35 [ 26 [637
638 p°qpq 2° 37135 [213 641
639 pahq”ph 2° . 3%7[ 33 [ 215 | 6as
640 phphg*h 2° .37 33 [ 29 [640
641 p>q°h>qh 2° . 3%[ 33 [ 213 | 63s
642 p>qhphpg 2° 37| 33 | 27 64
643 p°haphpg 2537 [ 33 [215 | 630
644 pqh”qhph 2° 3733 | 25 |6ag
645 p>h 2%.3[ 35 [ 217 [6as
646 (pg*)? 2%.3[ 35 [ 218 | 6as
647 pqp>qh 2% .3[ 35 [ 210 |64z
645 p>qpgph 2% 3] 33 [ 250 | 6as
649 papq 27371 35 [ 215 | 6ao
650 p>qhpq” 27 3%[ 33 [ 216|650
651 p>q°h 2% 3[ 33 |21 [651
652 p>hph? 2° 3] 32 [ 224 | 652
653 papq°h 25 3[ 35 [ 250|653
81 (p°aph)® 27 3[4, 8, [8
82 (pghqhq)® 273041 |8 [ 8
83 (pq) 27 44 [ 85| 83
84 pgpghq 27490 84 | 84
8s pgh’qh 27 (420 85 [ 85
86 p°hqph 27 [420 | 86 | 86
87 pgphphq 27490 87 | 87
8s pqhq 261411 8s [ 8s
89 p2qpq” 261411 86 [ 8o
810 p>q°ph 2% 416 [ 810 [ 810
811 p°hphg 2% [ 410 [ 811 [ 811
812 p°h’qh 2% [497 [ 812 [ 812
813 p°qphg 2% [ 497 [ 813 [ 813
814 Pgpgpgh 2% (416 [ 814814
9 (pgpgh) 253719 [3. [ 9
101 p°q 2%7.5] 5 104 2
10 p°qh 2%.5] 5 [102] 2
103 p°h%q 2%.5] 5 [105] 23
104 ph 2%.5] 5 [104] 215
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Conjugacy classes of Hy = (pa, qa, ha), with subscripts dropped (continued)

Class | Representative | [ Centralizer[| 2P | 3P | 5P

105 p2q° 255 5 [105] 24

10¢ phqh 25.5] 5 [106] 216
107 p>q°h 255 5 [107] 25

12, (p%gph)? 273765 [ 4, | 12
12, (pghghq)? 27.37] 65 | 41 | 125
123 p°hpq 25.3%] 64 | 41 | 125
124 p°hqh 25.3%] 69 | 43 | 124
125 ph%qhqh 25.3%] 69 | 42 | 125
126 p°h”pghpq 2% .37 65 | 41 | 126
127 pqh 25 .3 630 | 45 | 127
125 q°h 25 .3 630 | 46 | 125
129 pgphgq 25 .3 630 | 47 | 129
1210 pq4h 26 N 3 631 48 1210
124, paphpqh 25 3[631 ] 40 [ 1213
1215 pqpqh> 2% 3[630 [ 410 [ 1212
1213 pq°hq® 2% .37 621 | 42 [ 1213
1214 papghpq” 2% 3% [ 601 | 43 1214
1215 qh 25 .3 613|411 | 1215
1216 qh? 25 .3 630 | 412 | 1216
12,7 pgph 25 .3 614 | 423 | 1204
12:8 pghgq 2° -3 631 |41 | 1218
1249 pqhq 25 . 3] 614 [ 425 [ 1225
125 p2hqh 25 .3 615 | 414 | 1220
1293 pg°h> 25 -3 630 [ 415 | 1201
1245 phphgq 25 .3 64 | 44 [124
1293 pg>ph 25 . 3[ 616 | 425 [ 1210
1294 p2q°p>h 25 . 3[ 616 | 423 [ 1217
1255 p>hph’q 2.3 69 [417[1255
1296 p3qh’pq 25 . 3[ 615 | 416 | 1226
1297 p° hphphq 25 . 3[ 613 [ 418 [ 1227
1298 pq° 2% . 3[ 646 [ 421 [ 1225
1299 p3q 27 . 3[ 645 [ 422 [ 1229
1230 p°qh 2731646 | 424 [ 1250
123 p” hph 2% - 3| 645 | 426 | 1231
161 pq 25| 85 |16, | 162
165 poq° 25| 85 [165 | 161
181 papqh 23.3%2] 9 | 65 | 185
185 pgph? 2%.37[ 9 [ 6, | 185
183 pq°ph 2%.37[ 9 [ 6318
184 p>qhqh 2%.37] 9 [ 66 | 184
185 pq°pgh 2%.37[ 9 [ 65 | 185
186 pqhgph’® 2%.37] 9 [ 67| 186
187 p>hqphg 2%.37] 9 [ 64 | 187
20, phq 23 .5[10,[20, | 4o

205 phq°hq 23 .5[10, [202] 43

24, p>qph 27312, 8, | 244
24, pqhqhq 27 .3[125] 85 | 245




REPRESENTATION THEORETIC EXISTENCE PROOF FOR FISCHER GROUP Fiz3

A.4. Conjugacy classes of Da = (pa, qa) =

(p1,q1), with subscripts dropped

Class Representative [ Centmlzzer\ 2P [ 3P [ 5P
1 1 2 3.5 1] 1| 1
2, (pq)® 21351 1 [ 27 [ 24
2 (p%q)° 2135 1 [ 2, | 25
23 (P*apa’pa”)® 2.3 5] 1 [23]23
24 q)° 21735 1 [ 24| 24
25 P’a*p*apq)® 277 3. 5] 1 | 25 | 25
26 (P°apg®)? 2.3 1 | 26 | 26
27 (P®apg™)? 20 .3[ 1 | 27 | 27
2s (P*qp° apapq)” 2301 [ 25 [ 2
20 (P’ apap®q™)?® 27311 [ 20 [ 2
210 (P°qp°q) 27711 210210
213 (P’ apa®pap’a>)® 211 [211 (20
212 (p°qpq)® 215311 [212] 212
213 (PSQP!IP q)° 2™ .3 1 [215]213
214 (’ap°a°pq)? 27071 1214|214
215 (;Dq2)6 2731 1 [215]215
216 (p°q)° 21331 1 [216 ] 216
217 (papqpapg™)® 2311 [217 217
218 (r°apq”papqa™)® 2731 1 [215]21s
210 (p3 *papq)? 2™ 1 [210]210
220 (P°q pqpq2)2 2™ 1 250220
291 (pa°pq®)® 272 .3 1 [251 221
222 (qupquqp )? 27731 1 [222 220
223 (p q pqpqpq?pq )2 27511 253225
224 p°apap”qpq pqmpq2 2751 1 294204
225 (2 ) 23 1 [295 [295
226 (P’a*pa®pgq ) 2™ 31 1 [296 296
227 ()2 212771 247 [ 207
228 (pg*)? 212771 [ 245 | 208
229 p°qp>apapq°pap’q 2721 1 290200
230 p° qpapapapqpapapq 2721 1 [230]230
231 | p°qpa°pap apap’a°p g 271 1 [231 (25
232 p2q° 21111 235239
233 p°¢°papa’pap’q 271 1 [233]23s
234 p°qpapapa” papap°q® 2707 1 234234
3 2 2.3 3] 13
4 (p*qpg™)® 2T 312, [ 4, | 4,
4o P*ap’apq)® 2T 3] 2, | 45 | 4y
43 (rq) 21212, [45 [ 43
44 (papq°pq°)> 2722 | 44 | 44
45 (P’ar°q) 21210 45 [ 45
46 (P’ a*papapq®) 2711210 [ 46 [ 46
47 p°q°pa°pq”papq 2711210 [ 47 [ 47
4s p°qpq°pap”ap-q> 2771121, [ 45 [ 48
49 P qp qp°qpap’q 21210 [ 40 [ 4o
410 p’qp”q°p®qpap’q 224 [ 410 [410
411 P’ qpapa’p’ap q 21211 [411 [411
412 p°qp”apap°a°p°qpq 271211 (412 [412
413 (pg*>)® 273215 (413 [ 413
414 P°9)® 27 .3 [ 216 | 414 414
415 (P°apa”pq)® 2731215 415 [ 415
416 (»°qp®qpg®)°® 2731216 | 416 | 416
417 (P°qpqa®)? 210726 [417 |47
418 (p*apapa®)> 270[210 [ 415 [ 415
410 (P’ap°a*pq)> 270(214 [ 410 [410
420 (P’ ap” apaprq)® 210 25 [ 490 [420
42, p>qpap” qpq” 2100 25 [ 497 401
429 p°qp*qpapq°pq’ 2100214 [495 [40o
423 p° qpapap® apq” 2791210 [ 493 [ 425
4a4 p°qpqpapq” pap>q 2701211 [494 [ 404
425 p°qp>q°p°q°papq 2701211 [ 495 [ 425
426 p°qpa’papa°pq” 2791210 [ 426 [ 426
497 | p2qp°a°pa pa pap’q’ 270125 [497 [ 427
498 | p°q°pap°a°p q°papq’ 2701 26 [ 495 [42s
429 (p°q°pgpq)* 29 [ 219 [ 429 [ 429
430 (Papa*p>q>)? 29 [ 219 [ 430 [ 430
431 P>4°pa°pq 29 (216 [ 431 [ 431
432 P qpapq® 29 [ 216 [ 432 | 432
433 p°qpapap’q> 271215 | 433 | 433
434 p~apq°pap’q” 271211 | 434 | 434
435 p°a°p>q°papq 27 [ 216 [ 435 [ 435
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Conjugacy classes of Dy = (pa, q2), with subscripts dropped (continued)

Class Representative [Centralizer[ [ 2P [ 3P | 5P
436 p°q°papapapq” 27214 [ 436 [ 436
437 p°ap°q°papq 27 [ 216 [ 437 [ 437
438 p°qp°a°pa°p>q 27213 | 435 [ 438
430 p°q”papapapapq 271216 [ 430 | 430
440 p°ap®apq>papq” 271215 [ 440 | 440
441 P qp’apap’ap”q” 27214 [ 441 [4a1
442 p°q°papqp” apapq 271211 | 442 [4a
443 p*qp”q°pa”pa’pq 271215 [ 443 [ 443
444 | p°q°pap”q°papa’pq 27216 | 444 | 4as
445 | P ap°a"papapapq 271210 [ 445 [ 445
446 pqpapq” 2% 216 | 446 | 446
447 p°q°papq® 2% | 290 [ 447 [ 4ur
448 p2apapq° 25219 | 445 [ 44s
440 P qpapq-p°q- 25| 290 [ 440 [ 440
450 p”qpapap”qpq” 2% | 290 [ 450 | 450
451 P q°Papapa-pq” 2% | 295 [ 451 | 451
452 p°qpgp” qpapapq 2% 216 [ 452 [ 450
453 | p°qp°q°papap>qapq 2% 210 [ 453 [ 453
454 | p°apap’q°papapq” 2% (203 | 454 | 454
455 P 27 [ 297 [ 455 [ 455
456 pqg° 27 [ 295 [ 456 | 456
457 p>qpapapq’ 27 (207 | 457 [ 457
458 p>¢°p°q°papq 27 200 | 455 | 458
459 P> qpapapq° 27 [ 225 | 450 [ 450
5 (p°q)? 2555 | 5 [ 1
61 (pg*)? 25.3] 3 [215] 61
62 (p°q)2 25.3] 3 [ 216 ] 62
63 p°qpq°® 20313 [ 25 | 63
64 PIPIPIPg”> 2°.3] 3 |217] 64
65 p>q°papq 2°.3] 3 [ 23|65
66 p°¢°p>q*pq 2°-3]1 3 [2 |66
67 P’ apq’papg 2°-3[ 3 [215] 67
68 q 20-3 3 24 68
69 P apq 2°-3[ 3 [215 630
610 p2ap”apq 2°-3] 3 [215] 69
611 p’apap’q 2° 3] 3 [213[610
612 P qpq” 2°.3[ 3 [ 27 [612
615 p°q*pq 2°.3[ 3 | 26 [61s
614 pa°pq° 2° 3] 3 [251 [614
615 p°q°papq 2°.3[ 3 | 25 [615
616 p°qpa”pqpq 2°-3] 3 [255[616
617 p’qpap’q” 253 3 | 20 617
618 P> qpapq°pg 25 .3[ 3 | 25 [61s
610 p°a°pqpap’q 253 3 [213 611
620 p-qpq 27-3[ 3 [255 620
621 °¢*pa°pq 27 3] 3 |26 |62
81 (pq)® 2745 [ 81 [ 81
82 p>qp’q 2745 | 85 [ 8
83 P q°papq 2745 | 85 [ 83
84 Papq°pqe° 2744 | 84 [ 84
85 p2qp°apq’ 27144 | 85 [ 85
86 p°q>papq” 2745 | 86 | 86
87 p°qpapa°pq> 2745 | 87 [ 87
8s p2qpg> 2%[417[ 8s [ 8s
89 p°apq® 20145 | 8o [ 8o
810 p°apapg” 2% [ 415 [ 816 [ 810
811 P qpqPqapPq 2% (417 [ 811 [ 811
812 p>qp°q°pg 2% 419 [ 812 [ 812
813 p°qp>qpapq 2% (420 [ 813 [ 813
814 p°qp’q’pq® 2% (410 [ 814 [ 814
815 P> q°papapq” 2% 46 [ 815 [ 815
816 p°qpapq® 2% 415 [ 810 [ 816
817 P’ qpq”p apq 25 490 [ 817 [ 817
818 p°q°papq 2° [420 [ 815 [ 818
810 pqpa°p q° 25 430 [ 810 [ 810
10, p2q 2.5 5 [104 ] 22
105 p2q> 2.5 5 [103] 24
103 Papg° 2.5 5 [105] 24
104 ;r)2qpq2pc12 235 5 [104 23
105 p>q°pa°pq® 27 5[ 5 [105] 2,
106 p°qp°ap°q 27 5[ 5 [107] 25
107 p°q°papapq 27 5[ 5 [106] 25




REPRESENTATION THEORETIC EXISTENCE PROOF FOR FISCHER GROUP Fig3

Conjugacy classes of Dy = (pa, q2), with subscripts dropped (continued)

Class | Representative | [ Centralizer] [ 2P [ 3P [ 5P
124 pq 27316, [413 12,
12, poq 2% . 316, [ 414 |12,
125 papq” 27 3[63 | 41 123
124 p°qpq°pq 2% 3[61 415 [124
125 p°qp°apq 2% 3[63 | 42 [125
126 p°ap°apq” 273162 [ 416126
16, pq 25(8, [16, [ 162
162 p°q° 2518, [162 16,
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A.5. Conjugacy classes of H(Fiaz) = H = (xo, yo, ho), with subscripts dropped

HYUN KYU KIM

Class | Representative [Centralizer] 2P [ 3P [ 5P [ 7P [ 11P [13P
1 12 .39 .52.7.11-13[ 1 1 1 1 1 1
2; (zy)7 2783952 7. 11-13[ 1 [2: [ 21 [ 21 [ 21 | 21
2 (y)” 21735 5. 711 1 [ 2, [ 25 [ 25 | 22 | 22
23 (zyhy)'* 217 3% 5. 711 1 [ 25 ] 25 | 25 | 25 | 25
24 z 213151 1 [2, | 24 | 24 | 24 | 24
25 (y)™° 237501 [25 [ 25 | 25 | 25 | 25
26 (zh)® 2163311 [ 26 [ 26 | 26 | 26 | 26
3 (zyzh)™° 2.37.5-7[3:. [ 1 [ 3 [ 3 |3 [ 3:
35 h 28393, [ 1 [ 3 [ 32 ] 3, [ 32
33 (zyzy®)* 2" 3733 [ 1 [ 35 | 35 | 33 | 33
34 (zyhyh)® 2737134 [ 1 [ 34 |34 | 34 | 34
4, (zyZzh)® 21233 o [4 [ 4 | 4 | 40 [ 4
49 (yh)® 21132 . 5[ 25 [40 | 40 | 40 | 450 | 49
43 (zhy)® 21137 .51 25 [ 45 [ 43 | 45 | 43 | 43
4, (y2h)* 2773124 [ 40 [ 44 | 44 | 44 | 44
45 (zh)3 2193726 | 45 | 45 | 45 | 45 | 45
46 (th)2 210 - 32 23 46 46 45 43 43
47 (Ih2y3)3 210 -3 25 47 47 47 47 47
5 (yh)? 27.3.5° 5 | 5 1 5 5 5
6, (y°h?%)° 29 .37.5-7[3, [ 2. [ 6, | 61 | 61 | 61
6 (zy*hyhy)® 253913, [ 20 | 62 | 62 | 62 | 62
63 (zyxh)® 25.3°.5[31 [ 2, [ 63 | 63 | 63 | 63
64 (zhy®)® 28 .3° .53, [ 25| 64 | 64 | 64 | 64
65 | xyh’yh*zh’xh 27.3"[33 2, | 65 [ 65 | 65 | 65
66 (zyzyh)® 2853513, [ 25| 66 | 66 | 66 | 66
67 (zyzhy)® 25.35]3, [ 2| 67 | 67 | 67 | 67
65 (zyhyh)? 273713, |2, | 65 | 65 | 65 | 6s
69 (zy*zh)? 28 .37 32 [24 [ 69 | 69 | 69 | 69
610 (zy“zyh)® 25 .37] 35 [ 25 [ 610 | 610 | 610 | 610
611 (yhyh*)* 2°.3%]3; [ 24 [ 611 | 611 | 611 | 611
612 (zh?y®)? 2735131 [ 25 | 612 | 612 | 612 | 612
613 y'h 25.35[33 [ 25 | 613 | 613 | 613 | 613
614 ryzyzhyzhy> 25.35] 33 [ 23 | 614 | 614 | 614 | 614
615 (zh)? 25 .3%] 35 [ 26 | 615 | 615 | 615 | 615
616 (zhxhy®h)® 2%5.3%1 35 [ 26 | 616 | 616 | 616 | 616
617 wthhwh 27 33 33 26 617 617 617 617
618 (zyZzhyhy)? 27.3%] 33 | 26 | 615 | 615 | 618 | 618
610 | zyay’ayayhy 27.3%] 31 | 26 | 619 | 610 | 610 | 610
620 (zyzy®)? 20.3%] 33 [ 25 | 620 | 620 | 620 | 620
621 zh?yh’y 20.3%133 [ 24 | 621 | 621 | 621 | 621
622 zyzhyzyh 25.3%] 33 | 26 | 622 | 622 | 622 | 622
623 wyzh’yhyh 2° 3% 33 [ 26 | 623 | 623 | 623 | 623
624 (xyzyhyh)?‘ 24 . 33 34 26 624 624 624 624
625 syh’y’zh 2%7.3%] 34 [ 26 | 625 | 625 | 625 | 625
7 (y)? 7. 3.7l 7|7 7 1 7 7
81 (yhyh?)® 27-3[ 4, [ 8 [ 8 [ 8 [8 [ &
85 (zyhy?h)® 273141 [ 8 | 8 | 8 [ 8 | 8
83 (y2h)? 2744 [ 83 ] 8 [ 8 | 8 [ 83
84 zyh 250 46 [ 84 84 | 84 | 84 | 84
85 zyh’yh 25146 [ 85| 8 | 8 | 85 | 85
9, (zyzyh)? 253719, [32] 91 | 91 | 91 | 9
99 (zyhy®)? 2737195, [ 35 | 99 92 92 92
93 (zyhyh)? 2-35095 [ 34 ] 95 [ 935 [ 95 | 93
104 (y°h?)® 27.3.5%] 5 10, 2 | 104 | 10y | 104
104 yh? 25.3.5] 5 [102] 25 [ 105 | 105 | 10,
103 (zhy®) 25.3.5| 5 [10s| 25 | 103 | 103 | 103
104 (yh)? 275 5 [104] 25 [ 104 | 104 | 104
105 xh%y 27 5] 5 [105] 24 | 105 | 105 | 105
11, (zy°)? 27 11|11, |11, | 117 [ 115 | 1 [ 11,
11, (zy>)? 27 11114 |11, 115 | 114 1 | 114
12, (yhyh?)? 27321641 | 41 | 127 | 127 | 127 | 124
12, (zyhy®h)? 27321641 | 41 | 125 | 125 | 125 | 122
125 zy’zh 25.3%3] 69 | 41 | 125 | 125 | 125 | 125
124 zy’zy°h 25321640 | 43 | 124 | 124 | 124 | 124
125 zyzySxh? 25.32 1645 | 42 | 125 | 125 | 125 | 125
126 zy chxhyhy 25.320641 | 41 | 126 | 126 | 126 | 126
12, zh 25 .3%[645 | 45 | 127 [ 127 | 127 [ 127
12g zyzh’y 2°.37[615 | 46 | 125 [ 128 | 125 [ 12¢
129 zhxhy’h 25 .32 (616 46 | 129 [ 129 | 129 [ 129
1210 nyLEhyhy 25 . 32 618 45 1210 1210 121() 1210
1211 zhzh2y4 25 32 618 46 1211 1211 1211 1211




REPRESENTATION THEORETIC EXISTENCE PROOF FOR FISCHER GROUP Fiz3

Conjugacy classes of H = {(xq, yo, ho), with subscripts dropped (continued)

Class | Representative | [Centralizer] | 2P [ 3P | 5P [ 7P [ 11P [ 13P
1215 zhythyh 25 .32 [ 616 | 45 1215 [1215 [ 1215 [1215
1213 a:y:vy3 24 . 32 620 42 1213 1213 1213 1213
1214 zyzhy°h 2% 37 [ 600 | 43 [ 1214|1214 1214 [1214
1215 Ih2y3 25 -3 612 47 1215 1215 1215 1215
1216 zy°hy“h 25 .3 69 | 44 [ 1216|1216 | 1216 | 1216
1217 wyzyhyh 2 -32 624 46 1217 1217 1217 1217
1218 ZL’ySh2LEh 23 - 32 624 45 1218 1218 1218 1218
13, (zy°h)? 2-13[135[13, [ 135 [ 132 [ 132 | 1
135 (zy®h)? 2-13[13, [132[ 13, [ 13, [13, [ 1
144 zy” 2737 7 |14, [ 14, [ 20 [145 [ 14
145 y 277 7 (142 [ 145 | 25 [ 145 [ 149
143 zh%y? 27 .71 7 [145] 145 | 25 [ 145 | 143
15 (zyzh)? 22.3.5[ 15[ 5 [ 3, | 15 | 15 | 15
16, y2h 25185 [161 | 165 | 165 | 161 | 165
165 zyzyhy 2° [ 83 [162] 16, [ 16, | 165 | 16,
18, zhyhyh 253719, [ 62 |18, [ 18, |18, [ 18
182 zy’h2yhy 2737195 [ 62 | 185 [ 185 | 185 [ 18,
183 xyxyh 2%.3%]1 9, | 66 | 185 | 185 | 185 | 185
184 zyzhy 2%.3%]1 9, | 67 | 185 | 184 | 185 | 184
185 zy’xhy 2%.3%]1 9, | 66 | 185 | 185 | 185 | 185
186 xhy°h? 2%.3%]1 9, | 67 | 184 | 185 | 184 | 184
187 zyhy® 22.3%]1 9, | 66 | 187 | 187 | 187 | 18~
185 zyzhZzh 22.3%] 9, | 67 | 185 | 185 | 185 | 18s
189 zyZzyh 2%.3%2]1 9, [610] 189 | 189 | 189 | 189
1810 zhZyhy 2%.3%2]1 9, | 69 | 1810|1810 | 1810 | 1810
181, zyhyh 2-3%]93 | 65 [181; 1813 [ 1815 [ 181
20, yh 25.5[104 20, [ 45 [ 20, | 20, [ 20,
202 zh'g 23 -5 104 202 43 202 202 202
21 zhyhy 2-3-7(21 ] 7 | 21 | 3. | 21 | 21
22, xy° 221111, [ 22, | 227 | 225 | 27 | 223
222 xyhy 22 - 11 111 222 222 225 23 225
224 xyxh? 2211115225 225 | 22, | 27 | 221
22, xyxhy? 2211115 [ 224 | 224 | 226 | 22 | 226
225 zyhxh? 2211115 [ 225 | 225 | 225 | 25 | 225
22 zy’zy’h 2211114 | 226 | 226 | 224 | 22 | 224
244 yhyh’ 273112, | 8, [24; [ 24 [ 24) [ 244
245 zyhy’h 2731125 85 [ 245 | 249 | 245 | 249
26, zy°h 2-13[13, |26, [ 265 | 262 | 262 | 21
262 zhy>h 2-13[135 265 [ 26, [ 26, | 261 | 21
30, zyzh 22.3.5[ 15 [102 | 63 | 30, | 30, | 30,
30, xhy® 22.3.5] 15 [103| 64 | 302 | 302 | 30,
303 yoh? 22.3.5] 15 [10,| 67 | 303 | 303 | 303
42 zhy hy 2.3.7|21 [14;] 42 | 6, | 42 | 42
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A.6. Conjugacy classes of & = (r,n,h,¢)

Class | Representative [Centralizer] 2P 3P [ 5P [ 7P [11P [13P [ 17P [ 23P
1 12 .313.527.7.11.13-17-23[ 1 | 1 1 1 1 1 1 1
2, ()" 21839527 7.11-13] 1 [ 2, 20 [ 20 | 29 | 21 | 27 | 21
2, e 21836 5. 7. 11 1 [ 25 [ 25 [ 22 [ 22 | 22 | 22 | 22
23 x 218 .35 .51 1 [ 25| 25 | 25 | 25 | 25 | 25 | 25
31 (he)? 2310571313, [ 1 [ 3: [ 31 [ 31 3131 |3
32 h, 2103813, 1 [32 |35 [ 32 [ 35 [ 32 | 3
33 (zyeh)® 273105133 [ 1 [ 35 | 33 | 33 [ 33 [ 33 | 33
34 (zyhyh)® 27310013, [ 1 | 34 [ 34 | 34 [ 34 | 34 | 34
4, (zhy)® 2T 3T 5 7 2[4 [ 4 | 4 [ 4 [ 40 [ 40 [ 4
49 (zyh)? 2723723 (40 [ 40 | 40 | 40 | 45 | 45 [ 4o
43 ze 211.32.5( 25 [ 45 | 43 [ 43 | 45 [ 45 | 45 [ 45
44 (zh)® 272.3%1 23 (44 | 44 | 44 | 44 | 44 | 44 [ 44
5 (yh)* 2832577 5 [ 5 [ 1 5 5 5 5 5
61 (zyzh)® 2.37.5-7[3, [ 2. [ 61 | 61 | 61 | 61 | 61 | 61
62 (zyzhy)® 2%5.39[ 32 [ 21| 62 [ 62 | 62 | 62 | 62 | 62
63 (he)? 29 .3°.5[3, [ 22| 63 | 63 | 63 | 63 | 635 | 63
64 (yehe)® 29 .35[ 32 [ 22| 64 [ 64 | 64 | 64 | 64 | 64
65 xheh’e 273733 2. | 65 | 65 | 65 | 65 | 65 | 65
66 (zh)? 203513, [23 [ 66 | 66 | 66 | 66 | 66 | 66
67 (zehy)® 27.3%.5[33 [ 23| 67 | 67 | 67 | 67 | 67 | 67
65 (zhye) 28 .3° 3, |23 | 65 | 65 | 68 | 68 | 68 | 6s
69 (zhe)? 29.3%] 3, [ 23| 69 | 69 | 69 | 69 | 69 | 69
610 (zyhyh)?® 27 .37] 34 | 21 | 610 | 610 | 610 | 610 | 610 | 610
611 (zyeh)? 25.35[ 33 [ 22 [ 611 | 611 | 611 | 611 | 611 | 611
612 (zyexe)® 27 .3%] 33 [ 23 [ 612 | 612 | 612 | 612 | 612 | 612
613 zh’ehe 25.3%7[33 [ 23 | 613 | 613 | 613 | 613 | 613 | 613
614 zyhyehe 27.3°] 34 | 23 | 614 | 614 | 614 | 614 | 614 | 614
615 (zhZey)? 2737134 [ 23 [ 615 | 615 | 615 | 615 | 615 | 615
7 (y) 2.3.5-71 777 1 7 7 7 7
81 zyh 27345 [ 8 [ 8 | 8 | 8 | 8 | 8 | 8
82 (zye)? 27 3] 44 [ 82 [ 8 [ 8 [ 8 | 8 | 8 | 8
83 zey 2734, [ 8| 8 | 8 | 83 | 83 | 83 | 83
9 (zyhZe)® 2537191 [32[ 91 [ 91 [ 99 |91 | 91 [ 9
92 (zhye)? 2535195 [32 [ 92 | 92 | 92 [ 92 [ 92 [ 92
95 (zyhey) 2%5.35]1 95 [ 3, 95 | 95 | 95 | 95 | 95 | 95
94 (yhZeh?)? 2-3%194 [ 32 [ 94 [ 94 [ 94 | 94 | 94 | 94
95 (zyhyh)? 2-3%[ 9534 95 [ 95 [ 95 | 95 | 95 | 95
10, yh? 2%7.3.52] 5 |10, 2, [105 [ 105 [ 10, | 105 [ 104
10, (yh)? 2. 3.5 5 [102] 25 [ 105 [ 105 | 105 | 102 | 105
105 zh’y 27.3-5] 5 [103] 23 | 103 [ 105 | 103 | 105 | 103
11 (zy°)? 2 [ i1 Tl
12, (zeyh?)® 25.3% 5[ 63 [ 40 [ 12 [12, [ 12y [12, [ 12, [ 12
125 (zheh)? 273569 [ 40 [ 125 [125 | 125 [125 | 125 [ 125
123 zyzh’y 27.3%] 66 | 42 | 125 | 125 | 125 | 123 | 123 | 123
124 zehe 25 .37 6g | 4o | 124 | 124 | 124 [ 124 [ 124 [ 124
125 (zyhey)® 25 .3 6,4 | 41 | 125 | 125 | 125 | 125 | 125 | 125
12¢ zh 27 .32 66 | 44 | 12¢ | 126 | 126 | 126 | 126 | 126
12, zhe 27 .32 69 | 45 | 127 | 127 | 127 [ 127 [ 127 [ 12
125 zyzhzhe 25 .35 610 | 45 | 125 | 128 | 125 | 125 | 125 | 125
129 he 25.32] 63 | 43 | 129 | 129 | 129 | 129 | 129 | 129
1219 zyeh 27331611 | 41 [ 1210 | 1210 | 1210 | 1210 | 1210 | 1210
121, Tyexe 25 .37 [ 612 | 44 1215 [1213 [1295 [1299 [ 1245 [121,
1215 zhexeh 25 .32 6g | 44 | 1212 | 1212 | 1212 | 1212 | 1212 | 1215
1213 zhZey 2% .33 615 | 42 | 1215 | 1213 | 1213 | 1213 | 1213 | 1213
1214 ye 27321611 | 43 | 1294 | 1294 [ 1294 | 1294 [ 1214 [ 1214
125 zeyhey 2% .32 615 | 44 | 1215 | 1215 | 1215 | 1215 | 1215 | 1215
13, yeh 2-3-13[ 132 [ 131 13> | 132 | 135 | 1 [ 13; | 13)
135 (zyZeh)? 2-3-13[13, [135[ 13, [ 13, [ 13, [ 1 [ 135 [ 135
14, y 2737 7 14 [ 14, | 20 [14) [ 14, [ 14 [ 144
142 ryxre 23 . 7 7 142 142 22 142 142 142 142
15, (zyzh)> 2%.32.5[15, 5 | 3, [15: | 155 [ 15, | 151 | 15,
155 (zehy)? 2-32.5[152] 5 | 33 [ 155 | 155 | 155 | 155 | 159
16, zye 2518, [161] 165 | 165 | 161 | 165 | 167 | 165
165 yheh 2518, [162] 161 | 167 | 165 | 16, | 165 | 165
17 zhey T7[ 17 [ 17 | 17 | 17 | 17 | 17 | 1 17
18, zyxhy 25 .37 95 [ 6o [ 18, [18, | 18, [ 18, | 18, [ 18,
185 zeyxeh 27 .3%1[ 93 [ 62 | 185 [185 | 185 [ 185 | 185 [ 185
183 zhye 25.35[ 9, [ 65 | 183 [ 183 | 183 [ 185 | 183 [ 183
18,4 yehe 2% .33 95 | 64 | 184 | 184 | 184 | 184 | 184 | 184
185 (zyhey)> 2%.3%] 95 | 64 | 185 | 185 | 185 | 185 | 185 | 185
184 xhehy 2%.3%3]1 9, | 65 | 185 | 18¢ | 18¢ | 186 | 18¢ | 184
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Conjugacy classes of & = (r,9,h,¢) (continued)

Class | Representative | [Centralizer[| 2P [ 3P [ 5P [ 7P [11P [13P [17P [ 23P
187 Ji’l/hyh 2. 3" 95 610 187 187 187 187 187 187
185 yh’eh 2-3%]94 | 6g [185|18g | 185 | 185 [ 18g [ 184
201 thy 23~3-5 102 201 41 201 201 201 201 201
204 yh 2% .5[102 [ 205 [ 43 [205 | 205 [ 205 [ 205 [ 205
21 yhe 2-3-7[ 21 7 |21 [ 3. ] 21 |21 | 21 | 21
22, zy° 2211 11 |22, |22, [225] 21 | 225 | 225 | 224
222 thy 22<11 11 222 222 222 22 222 222 222
225 zey” 2211 11 [225 22522, | 21 | 227 | 221 | 225
23, zyeh’ 23123, (23, (235232235 [23; [23, ] 1
232 yhye 23[232 (235 [23, (23,23, [232[23, [ 1
24, zheh 273112, | 85 [ 247 24, | 24, | 24, | 24, | 24,
24, zyhyze 2731126 | 82 | 245 |24, | 24, | 24,5 [ 24, | 24,
243 zyhyZh 2% . 312, 8 [ 245|245 | 243 | 245 [ 245 | 245
26, zy°h 2-13[131 [ 267 [ 262|265 | 265 | 27 | 261 | 264
264 zy’eh 2-13[135 (262 261 261 | 261 | 27 | 262 | 265
27 zyhZe 3279, [27 2727 [ 27 [ 27 ] 27
28 zhyhaxe 27 . 714, 28 [28 [ 4, | 28 [ 28 [ 28 | 28
30, zhy® 25.3.5[15, [ 102 [ 63 |30, [ 305 [ 305 [ 30, [ 30,
302 :vymh 22~3-5 151 101 61 302 302 302 302 302
303 a:ehy 2~3-5 152 103 67 303 303 303 303 303
35 yZhe 5-7|35[35] 7 | 5 [ 3535 [ 35| 35
36, zyhey 27321185 125|361 361|361 | 361 | 361 | 361
365 zyZeyh 27321184 [ 124 | 362 [ 362 | 362 | 362 | 362 | 362
39, zhyhe 31339 [ 132 [392 [392 [ 392 | 31 [ 391 [ 3%
395 zhZzey 3-13[39; [13,[39, [39, [ 39, | 31 [392[39,
12 yeyeh 2-3-7| 21 (14,42 [ 6, | 42 [ 42 | 42 | 42
60 zeyh 22.3-5[30, (20, [12,] 60 | 60 [ 60 [ 60 | 60

59
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APPENDIX B. CHARACTER TABLES OF LOCAL SUBGROUPS OF Fis3 AND 2 Figy

B.1. Character table of E(Figs) = E = (x1,y1,€1)

2 18 18 18 18 14 14 7 1 12 12 11 9 9 8 3 7T 7 7 6 6 5 5 3
3 2 2 2 2 1 1 2 1 1 1 1 1 2 2 2 2 2 1 1

5 1 1 1 1 1 . 1 1 .

7 1 1 1 . 1 . 1 . 1
11 1 1 . .

Ta 2a 2D 2c 2d 2e 3a 4a 4b 4dc 4d 4e 4] 49 5a 6a 6b 6¢ 6d 6e 6f 6g 7a 7D
2P Ta TIa Ia Ia Ta Ta 3a 2b 2c 2c¢ 2b 2e 2e 2d 5a 3a 3a 3a 3a 3a 3a 3a 7a 7b
3P la 2a 2b 2c 2d 2e la 4a 4b 4c 4d 4e 4f 4g 5a 2c 2c 2a 2b 2c 2d 2e Tb Ta
5P la 2a 2b 2c 2d 2e 3a 4a 4b 4c 4d 4e 4f 4g la 6a 6b 6¢ 6d 6e 6f 6g Tb Ta
7P la 2a 2b 2c 2d 2e 3a 4a 4b 4c 4d 4e 4f 4g 5a 6a 6b 6¢ 6d 6e 6f 6g la la
11P la 2a 2b 2c 2d 2e 3a 4a 4b 4c 4d 4e A4f 4g 5a 6a 6b 6¢ 6d 6e 6f 6g Ta Tb

23P la 2a 2b 2c 2d 2e 3a 4a 4b 4c 4d 4e A4f 4g 5a  6a 6b 6¢c 6d 6e 6f 6g Ta 7b
X1 il il il 1 T I T il T I T 1T T 1T 1 T 1T 1T 1T 1T 1T 1T 1T 1
X.2 22 22 22 22 6 6 4 6 6 6 6 2 2 2 2 4 4 4 4 4 1 1
X.3 45 45 45 45 -3 -3 -3 -3 -3 -3 1 1 1 A A
X.4 45 45 45 45 -3 -3 -3 -3 -3 -3 1 1 1 . . . . . . A A
X.5 230 230 230 230 22 22 5 22 22 22 22 2 2 2 . 5 5 5 5 5 1 1—-1-—
X.6| 231 231 231 231 7 7 6 7 7 7 7-1-1-1 1 6 6 6 6 6-—-2-2 .
X.7| 231 231 231 231 7 7 =3 7 7 7 7-1-1-1 1 -3-3-3-3-3 1 1 .
X.8| 231 231 231 231 7 7 =3 7 7 7 7-1-1-1 1 -3-3-3-3-3 1 1 .
X.9] 253 253 253 253 13 13 1 13 13 13 13 1 1 1-2 11 1 1 1 1 1 1 1
X.10| 253 —99 29 -3 29 -3 10-15 -3 5 1 5-3 1 3 .—6 . 2 . 2 . 11
X.11 506 154 26 —6 42 10 11 14 —6 2 -2 6-2 2 1 9 3 1-1-3 3 1 2 2
X.12| 770 770 770 770 —14 —14 5—-14 —14 —14 —14 —2 -2 —2 . 5 5 5 5 5 1 1 . .
X.13| 770 770 770 770 —14 —14 5—-14 —-14 —-14 —-14 —2 —2 -2 5 5 5 5 5 1 1 .
X.14| 896 896 896 896 —4 . .. .1 —4—-4-4—-4-4 . .
X.15| 896 896 896 896 —4 . . —4 -4 —-4—-4-4 -
X.16| 990 990 990 990 —18 —18 —18 -18 —-18 —18 2 2 2 A A
X.171 990 990 990 990 —18 —18 —18 -18 —18 —18 2 2 2 P A A
X.18| 1035 1035 1035 1035 27 27 27 27 27 27-1-1-1 .. . . —1-1
X.19| 1288 —56 —56 8 56 —8 10 8 —8 .4 4-4 3-10 2—-2-2 2 2-2 .
X.20| 1518 —594 174 —18 62 -2 15-34 -2 14 -2 2 2 2 3-15-9 9 3-3-1 1-1-1
X.21| 2024 2024 2024 2024 8 8 —1 8 8 8 8 . -1 -1-1-1-1-1-1-1 1 1
X.22| 2530 —990 290 —30 —46 18 10 18 18 2-14 -2-2-2 —6 2 2 . A A
X.23| 2530 —990 290 —30 —46 18 10 18 18 2—-14 -2 -2-2 -6 . 2 2 . A A
X.24| 3542 —1386 406 —42 70 6 5 —42 6 22—-10 2 2 2-3 15-3-9 1 3 1 3 . .
X.25| 3542 1078 182 —42 70 —26 14 42-10 14 —6 2—-6-2 2 6 6—-2 2-—-6-2-2 .
X.26| 3542 —1386 406 —42 70 6 5 —42 6 22—-10 2 2 2-3-15-3 9 1-3 1-3 .
X.27| 3795 —1485 435 —45 83 —13 15 —41-13 11 7 3-5-1 . 15-9-9 3 3-1-1 1 1
X.28| 3795 —1485 435 —45 —-13 19 15 -1 19 11 —-17-5 3 -1 -15-9 9 3-3-1 1 1 1
X.29| 5313 —2079 609 —63 49 17-15-35 17 25-19-3 5 1 3 15 9-9-3 3 1-1 .
X.30( 7084 2156 364 —84 140 76 19 28—-20 —4 —4 4 4 4-1 21 3 5-5-3-1 1
X.31| 8855 —3465 1015 —105 7 39-10-21 39 31-37 3-5-1 . 6 .-=2 -2 .
X.32(10120 3080 520 —120 168 40 —5 56 —24 8 —8 . . . —-15 3-7 7-3 3 1-2-2
X.33|10626 3234 546 —126 —14 —46 6 14 2 10 -2-2 6 2 -6 6—-6 6-6-2 2 . .
X.34]/10626 3234 546 —126 —14 —46 —3 14 2 10 —2—-2 6 2 1 3-3 3-3 3 1-—-1 . .
X.35(10626 3234 546 —126 —14 —46 —3 14 2 10 -2-2 6 2 1 3—-3 3-3 3 1-1 P
X.36(11385 —4455 1305 —135 —87 9 . 45 9-15 -3 5-3 1 A A
X.37(11385 —4455 1305 —135 —87 9 . 45 9—-15 -3 5-3 1 .. . . . . A A
X.38[12880 —560 —560 80 112 -16 10 . 16 —16 . 8 8-8 .—-10 2—-2-2 2-2 2 . .
X.39/12880 —560 —560 80 —112 16 10 .—16 16 .. . . .-10 2—-2-2 2 2-2 .
X.40[12880 —560 —560 80 —112 16 10 .—16 16 . L .—10 2-2-2 2 2-2 .
X.41|14168 —616 —616 88 168 —24 20 .24 -24 —4 —4 3—20 4—-4-4 4 . . .
X.42(14168 4312 728 —168 56 —72 11 56 -8 24 -8 . . .-=2 9 3 1-1-3-1-3 .
X.43|17710 5390 910 —210 —-98 62 25-70 14-26 10-6 2—-2 . 15 9-1 1-9 1-1 .
X.44]20608 —896 —896 128 . . —20 . . . . .. 3 20-4 4 4-—-4 . . .
X.45[20608 —896 —896 128 . . —20 . . . . .. . 3 20—-4 4 4-4 .
X.46(22770 —8910 2610 —270 162 —30 .—78-30 18 18 -2 -2 -2 . —-1-1
X.47|22770 6930 1170 —270 —126 —30 .—42 18 -6 6 6-—-2 2 F F
X.48(22770 6930 1170 —270 —126 —30 . —42 18 —6 6 6-—-2 2 . .. . . F F
X.49|26565 —10395 3045 —315 —91 5 15 49 5-19 1-3 5 1 5-9-9 3 3-1-1 . .
X.50(28336 8624 1456 —336 112 112 —14 . —16 —16 . ... . 1 -6-6 2-2 6-2-2 . .
X.51|30360 —11880 3480 -360 -8 —-8-15 8 -8 -8 8 . . . .—-15 9 9-3-3 1 1 1 1
X.52(32384 9856 1664 —384 . . —16 . . . . .. .—-1-24 .-8 8 . L2002
X.53|35420 10780 1820 —420 28 —36 5 28 —4 12 —4-4-4-4 5-3 7-7 3 1 3 . .
X.54|56672 —2464 —2464 352 224 —32 —10 .32 -32 . . .—3 10—-2 2 2-2 2-2
X.55|57960 —2520 —2520 360 —168 24 . .—24 24 .4 44 . .. .
X.56|70840 —3080 —3080 440 —56 8 10 . —8 8 .—4—-4 4 —-10 2—-2-2 2-2 2
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Character table of E(Fiz3) (continued)
207 7 7 5 5 3 3 3 1 1 5 5 4 4 3 3 2 2 2 2 1 1 5 5 1 1
3 . . . . . 1 . . . . 1 1 1 1 . 1 1 . .
5 1 1 . . 1 1 .
7. . . . . . . . . . . . . . 1 1 1 1 1 1 . . . . . .
1 . . . 1 1 . . . . . . . . . . . . . . 1 1
8a 8b 8c 8d 8e 10a 10b 10c 11a 11b 12a 12b12c 12d 14a 14b 14c 14d 14e 14f 15a 15b 16a 16b 22a 22b
2P| 4b 4c 4c 4e 4f 5a ba ba 11b11a 6b 6b 6d 6d 7b 7a 7a 7b 7b Talba 15b 8a 8a 1la 11b
3P|8a 8b 8c 8d 8e10a 10b 10c 11a 11b 4b 4c 4d 4a 14b 14a 14d 14c 14f 14e 5a 5a 16a 16b 22a 22b
5P|8a 8b 8c 8d 8e 2c¢ 2b 2alla 11b12a 12b12c 12d 14b 14a 14d 14c 14f 14e 3a 3a 16b 16a 22a 22b
7P|8a 8b 8c 8d 8e 10a 10b 10c 11b11la 12a 12b12c12d 2b 2b 2a 2a 2d 2d 15b15a 16b 16a 22b 22a
11P|8a 8b 8c 8d 8e 10a 10b10c la 1la 12a 12b12c 12d 14a 14b 14c 14d 14e 14f 15b 15a 16a 16b 2a 2a
23P|8a 8b 8c 8d 8e10a 10b10c 11a 11b 12a 12b 12c 12d 14a 14b 14c 14d 14e 14f 15a 15b 16b 16a 22a 22b
XIT 1T 1T 1T 1 T I T T I T I T
X2 2 2 . . 2 2 2 . 101 01 1 -1-1-1-1 . . . .
X3 11 1-1-1 . . . 1 1 A A A A-A-A . .-1-1 1 1
X4 1 1 1-1-1 . . . 1 1 . . . . A A A A-A-A . =1 -1 1 1
X5 2 2 2 . . . . -1 -1 1 1 1 1-1-1-1-1 1 1 . . . =1 =1
X.6/—1—-1-1-1-1 1 1 1 =2 =2 =2 =2 . . . . . . 1 1 -1 -1 . .
X.71-1-1-1-1-1 1 1 1 1 1 1 1 B B -1 -1
X.8—1—-1-1-1-1 1 1 1 . 1 1 1 1 . . . . . B B -1 -1 .
X9 1 1 1-1-1 -2 -2 -2 . 1 1 1 1 1 1 1 1 -1 -1 1 1 -1 -1 .
X.10 1-3 1 1 1 -3-1 1 . .2 =2 . 1 1 -1 -1 1 1 . . —1 -1 .
X.11|—-2 2 -2 . .—-1 1 -1 . -3 —1 1 -1 -2 -2 1 1 . . .
X.12|-2 -2 =2 . . . 11 1 1 . . . .
X.13|-2 -2 -2 . o1 1011 : DR
X.14 11 1 D D 11 D D
X.15| . 11 1D D N 1 D D
X.16| 2 2 2 A A A A A A
X172 2 2 . . A A A A A A . . .
X.18/-1—-1-1 1 1 1 1 . -1 -1-1 -1 -1 -1 . 1 1 1 1
X.19 =2 2 3 -1-1 1 1 2 -2 . . . . . . . =1 -1
X.200 2—-2-2 . . -3-1 1 . . 1-1 1 -1 -1-1 1 1 -1 -1 . . .
x21 . 0 T 0 -1-1-1 . -1-1-1-1 1 1 1 1 1 1-1-1
X.221-2 2 2 2 -2 A A-A-A A A
X.23|-2 2 2 . . . . . . . .2 =2 . A A-A-A A A . .
X.24 2-2-2 . . 3 1-1 . .3 1-1 -3 . . . . . . . . . .
X.25] 2 2-2 . =2 2 =2 . . 2 2 . . . . . . . -1 -1 . .
X.26) 2—-2-2 . . 3 1-1 . . -3 1-1 3 . . . . . .
X.27-1-1 3-1-1 . . . . .—1 —1 1 1 1 1 -1-1-1 -1 . 1 1
X.28/-1 3-1-1-1 . . . . . 1-1 1-1 1 1 -1 -1 1 1 . 1 1
X291 1-3—-1-1 -3 —1 1 . -1 1 -1 1 . . 1 1
X.30|—4 . . 1-1 1 1-1-1 1 -1 -1 . .
X.31|-1-1 3 1 1 . -2 2 . -1 -1
X.32 . . . . -3 —1 1 -1 2 2 . . .
X.33|-2 -2 2 -1 1 -1 2 -2 -2 2 1 1
X.34|-2 -2 2 -1 1 -1 -1 1 1 -1 B B
X.35-2-2 2 . . -1 1-1 -1 1 1 -1 . . . . B B . .
X.36) 1-3 1-1-1 A A-A-A-A-A 11
X.37 1-3 1-1-1 . . . . . . . . . A A-A-A-A-A . . 1 1 . .
X.38 . . . . . . . -1 -1 =2 2 B . . . . . . . . . . . 1 1
X390 . . . .. . . -1 -1 2 =2 . . . . E E 1 1
X.40( . . ... . . -1 -1 2 =2 E FE 1 1
X.41 . . .2-=2 3 -1 -1 . . . . . .
X.42 2 -2 2 . 1 3 1-1 1 1
X43| 2-2 2 . -1 01 1 -1 .
X.44 3-1-1 D D -D-D
X.45| . . 3-1-1 D D . —D —D
X.46|—2 2 2 . } -1 -1 1 1 1 1 i
X.471-2 2 -2 —F —-F
X.48|—-2 2 -2 . . —F —F .
X490 1 1-3 1 1 . . . . .—-1-1 1 1 . . . . . . . =1 =1 .
x50 . . . . . -1 1-1 . L2002 . . . . . . . . 1 1 .
X.51 . . ... . . . . . 1 1-1-1 1 1 -1-1-1 -1 . . .
X.52 . . . . 1 -1 1 . . . . . -2 -2 . . . -1 -1 .
X.53| 4 . . . . . .—-1-3-1 1 . . .
X.54 . . . . . =3 1 1 . . 2 -2 . . . . . . . . . . . . . .
X.55 . . . 2-=2 . . . 1 1 . . . . . . . . . . . . . -1 -1
X.56 . . =2 2 . . . . -2 2 . . . . . . . . . . . .
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Character table of E(Fiz3) (continued)

2 2 2 1 1
3 . . 1 1
5 . . 1 1
7 1 1
11 . . . .
23 1 1 . . . .
23a 23b 28a 28b 30a 30b
2P|23a 23b 14a 14b 15a 15b
3P|23a 23b 28b 28a 10a 10a
5P|23b23a 28b28a 6a 6a
TP|23b23a 4a 4a 30b 30a
11P|23b 23a 28a 28b 30b 30a
23P| 1la 1la 28a 28b 30a 30b
X.1 1 1 1 1 1 1
X2/-1 -1 -1-1-1-1
xX3/-1-1-4A-4 . .
X4 -1 -1 -A-A . .
X.5 . . 1 1 . .
x6 1 1 . . 1 1
X711 1 . B B
X.8 1 1 . . B B
X.9 . =1 —1 1 1
X.10 . =1 —1 . .
xa1| oo -1 -1
x12l ¢ ¢ . . . .
X.13] C C . . . .
X.14| -1 —1 . . 1 1
X5 -1 -1 . . 1 1
X16 1 1 A A . .
X.17 1 1 A A
X.18 . =1 -1
X.19 . .
X.20 1 1 . .
X2 101 -1 -1
X.22 —A-A . .
X.23 —A—-A . .
X.24 . . . .
X.25 . . 1 1
X.26 . . . .
X.27 . 1 1 . .
X.28 =1 =1 . .
X.29 . . . . .
X.30 . . 1 1
X.31 . . . .
X.32 . . . .
X33 R R
X34 . . _B-B
X.35 . . -B-B
X.36 A A . .
X.37 A A
X.38 . .
X.39
X.40
X.41 . . .
X.42 =1 -1
X.43 . . .
X.44
X.45 . . .
X.46 =1 —1
X.47 . .
X.48
X.49 . . .
X.50 =1 -1
X.51 1 . .
X.52 1 1
X.53 . .
X.54
X.55
X.56
3
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B.2. Character table of D(Fizs) = D = (x1,91) = (%0, Yo)
2| 18 18 17 17 18 18 6 14 14 13 7 11 11 12 12 10 10 10 9 9 8 8
3 2 2 2 2 1 1 2 1 1 .2 1 1 . . 1 1 . . . .
5 1 1 1 1 1 . . . .. . . . . . . .. .
7 1 1 1 1 . . . . . . . . . . . . . . . .
11 1 1 . . . . . . . .. . . . . . . .. .

Ta 2a 2D 2c 2d 2e 2f 2g 2h 27 3a__4a 4b 4c 4d 4de 4f 4g 4h 47 47 4k
2P 1a Ila Ila Ila Ia Ia Ia Ia Ia 1a 3a 2e 2e 2d 2d 2f 2f 2e 2g 2g 2h 2t
3P| la  2a 2b 2¢  2d 2 2f 2g 2h 2i la 4a 4b 4c Ad 4de 4F 4g 4h 4i 45 4k
5P| 1la 2a 2b 2c 2d 2e 2f 29 2h 2i 3a 4a 4b 4c 4d 4de 4Af 4g 4h 47 47 4k
7P| 1la 2a 2b 2c 2d 2e 2f 29 2h 2i 3a 4a 4b 4c 4d 4de 4Af 4g 4h 41 47 4k

11P| 1la 2a 2b 2c 2d 2e 2f 2g 2h 2i 3a 4a 4b 4c 4d 4de Af 4g 4h 4i 45 4k
X1 1 1 1 I I 1 1 I 1 I 1 1 1 1 1 1 1 I 1T 1T 1T 1
X.2| 21 21 21 21 21 21 21 5 5 5 3 5 5 5 5 5 5 5 1 1 1 1
X.3| 45 45 45 45 45 45 45 -3 -3 -3 . -3 -3 -3 -3 -3 -3 -3 1 1 11
X.4] 45 45 45 45 45 45 45 -3 -3 -3 . -3 -3 -3 -3 -3 -3 -3 1 1 1 1
X.5| 55 55 55 55 55 55 55 7 7 7 1 7 7 7 7 7 7 7 3 3 3-1
X.6| 77 77 —35 =35 13 13 -3 13 13 -3 5 —7 =7 -3 5 1 1 1-3 5 1 1
X.71 99 99 99 99 99 99 99 3 3 3 . 3 3 3 3 3 3 3 3 3 3-1
X.8| 154 154 154 154 154 154 154 10 10 10 1 10 10 10 10 10 10 10-2-2-2 2
X.9] 176 —176 —64 64 —16 16 .—16 16 . 5 8 -8 . . 4 —4 L. .. 4
X.10| 176 —176 64 —64 —16 16 .—16 16 . 5 =8 8 . 4 —4 . 4
X.11| 210 210 210 210 210 210 210 2 2 2 3 2 2 2 2 2 2 2-2-2-2-2
X.12| 231 231 231 231 231 231 231 7 7 73 7 7 7 7 7 7 7T-1-1-1-1
X.13| 280 280 280 280 280 280 280 -8 -8 -8 1 -8 -8 -8 -8 -8 -8 -8 . . . .
X.14| 280 280 280 280 280 280 280 -8 -8 -8 1 -8 -8 -8 -8 -8 -8 -8 . . . .
X.15| 330 330 90 90 10 10 —-6 26 26 10 6 6 6 —6 2 -2 -2 -2-2 6 2 2
X.16| 385 385 —175 —175 65 65 —15 17 17 1—-2-11-11 1 9 5 5 -3 5-3 1 1
X.17| 385 385 385 385 385 385 385 1 1 1 -2 1 1 1 1 1 1 11 1 1 1
X.18| 385 385 —175 —175 65 65 —15 17 17 1 7-11-11 1 9 5 5 -3 5-3 1 1
X.19| 616 616 —56 —56 —24 —24 8 24 24 -8 4 . . 8 -8 . . .4 4-4 4
X.20| 616 616 —56 —56 —24 —24 8 24 24 -8 4 . . 8 —8 . . . 4 4-—-4-—-4
X.21| 616 616 —280 —280 104 104 —24 8 8 8 -5 —8 -8 8 8 8 8 -8 . . . .
X.22| 616 616 —280 —280 104 104 —24 8 8 8 -5 —8 -8 8 8 8 8 —8 . P
X.23| 672 —672 . . 32 —32 . —32 32 . 6 . . . . —8 8 .. .
X.24| 693 693 —315 —315 117 117 —27 21 21 5 .—15-15 5 13 9 9 —-7-3 5 1 1
X.25| 770 770 —350 —350 130 130 —30-—-14—-14 18 5 2 2 18 2 10 10-14-2-2-2-2
X.26| 990 990 270 270 30 30 —18-18—-18 -2 . —6 —6 14 6 —6 —6 2—-6 2-2 2
X.271 990 990 270 270 30 30 —18-18-18 -2 . -6 —6 14 6 -6 —6 2-6 2-2 2
X.28/1056 —1056 —384 384 —96 96 . —32 32 . 3 16 —16 . . 8 —8 R . .
X.29(1056 —1056 384 —384 —96 96 . —32 32 . 3—-16 16 . . 8 —8 .. .
X.30(1155 1155 —525 —525 195 195 —45 35 35—-13 3-—-17-—-17-13 11 —1 -1 7—-5 3—-1-1
X.31(1155 1155 —525 —525 195 195 —45—13 —13 3 3 7 7 3 -5 -1 -1 -1 7—-1 3-1
X.32(1760 —1760 640 —640 —160 160 . 32-32 . 5 16 —16 . . —8 8 P
X.33(1760 —1760 —640 640 —160 160 .32 -32 . 5—16 16 . —8 8 P
X.34(1760 —1760 640 —640 —160 160 . 32-32 . 5 16 —16 . —8 8 P
X.35[1760 —1760 —640 640 —160 160 . 32-32 . 5—16 16 . . —8 8 L . .
X.36(1980 1980 540 540 60 60 —36 60 60 28 . 12 12 —4 12-12-12 —4 4 4 4 .
X.37(2310 2310 630 630 70 70 —42 22 22-26 6 18 18 —-10 14 2 2 -6-6 2-2-2
X.38/2310 2310 —1050 —1050 390 390 —90 22 22-10-3 —10—-10—10 6 —2 -2 6 2 2 2-2
X.39(2310 2310 630 630 70 70 —42 22 22 38 6 —6 —6—10-—18 2 2 2 2-6-2 2
X.40(2310 2310 630 630 70 70 —42 —10 —10 6 6 —6 —6 22 14 —14—14 2 2-6-2-2
X.41|2464 —2464 —896 896 —224 224 . —32 32 .7 16 —16 . . 8 —8 P
X.42(2464 —2464 896 —896 —224 224 . =32 32 —2-16 16 8 -8 . . . B .
X.43(2464 —2464 —896 896 —224 224 —32 32 —2 16 —16 8 —8 P
X.44(2464 —2464 896 —896 —224 224 —32 32 . 7-—16 16 8 -8 L . .
X.45(2640 —2640 960 —960 —240 240 . 16 —16 . 3 8 -8 . . —4 4 ... . —4
X.46(2640 2640 720 720 80 80 —48 16 16 16 —6 . . 16 16 —16 —16 L . .
X.47(2640 —2640 —960 960 —240 240 . 16 —16 . 3 =8 8 . . —4 4 L. . . —4
X.48(3360 —3360 . . 160 —160 —32 32 . —6 . . . . —8 8 P
X.49(3360 —3360 . . 160 —160 . —32 32 . —6 . . . . —8 8 L.
X.50(3465 3465 —1575 —1575 585 585 —135 9 9 -7 . -3 =3 -7 1 -3 -3 5 1-7-3 1
X.51|3465 3465 —1575 —1575 585 585 —135 —39 —39 9 . 21 21 9-15 -3 -3 -3-3 5 1 1
X.52|3696 —3696 —1344 1344 —336 336 .—16 16 .—3 8 -8 . . 4 —4 ... .4
X.53[3696 —3696 1344 —1344 —336 336 .—16 16 .—3 =8 8 . . 4 —4 L . —4
X.54/4620 4620 1260 1260 140 140 —84 44 44 12-6 12 12-20 —4 4 4 —4—-4-4-4 .
X.55|5544 5544 —504 —504 —216 —216 72 24 24 -8 . . . 8 —8 . . .4 4-4-4
X.56|5544 5544 —504 —504 —216 —216 72 24 24 -8 . . . 8 —8 . . .4 4-—-4 4
X.57/6160 —6160 —2240 2240 —560 560 . 16 —16 .—5 —8 8 . . —4 4 ... .4
X.58/6160 6160 —560 —560 —240 —240 80 48 48 —16 4 . . 16 —16 . . .—8—-8 8 .
X.59/6160 —6160 2240 —2240 —560 560 . 16 —16 . —5 8 —8 . . —4 4 ... . 4
X.60[6160 6160 —560 —560 —240 —240 80 —48 —48 16 4 . .—16 16 . . . . .
X.61/6160 6160 —560 —560 —240 —240 80 —48 —48 16 4 .—16 16 . . . N
X.62(6720 —6720 . . 320 —320 . —64 64 . 6 . . .—16 16 . . . .
X.63|6720 —6720 . . 320 —320 . 64 —064 . 6 . . . . 16 —16 F
X.64/6930 6930 1890 1890 210 210 —126 —30 —30 —46 . 6 6 2 10 6 6 -2 6-2 2 2
X.65/6930 6930 1890 1890 210 210 —-126 —-30-30 18 .-—-18 —18 2 =22 6 6 6—-2 6 2-2
X.66|7392 —7392 . . 352 —352 32 —-32 . —6 . . . 8 —8 . .
X.67(8064 —8064 384 —384 . . . . .
X.68(8064 —8064 . . 384 —384 . . .
X.69(9856 9856 —896 —896 —384 —384 128 -8
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Character table of D(Fias) (continued)
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Character table of D(Fias) (continued)
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B.3. Character table of H(Fia3) = H = (x0, Yo, ho)

2 18 18 17 17 18 18 16 9 8 7 4 12 11 11 12 10 10 10
3 9 9 6 6 4 4 3 7 9 7 7 3 2 2 1 2 2 1
5 2 2 1 1 1 1 . 1 . . 1 1 . . . .
7 1 1 1 1 . . . 1 . . . . . . .
11 1 1 1 1 . . . . . . . . . . .
13 1 1 . . . . . . . . . . . .
Tla 2a 2b 2c 2d 2e 2f 3a 3b 3c 3d 4da 4b 4c 4d 4de 4f 4g
2P Ta Ta Ta Ta Ta Ta Ta 3a 3b 3¢ 3d 2d 2e 2e 2d 2f 2f 2e
3P la 2a 2b 2c 2d 2e 2f la la la la 4a 4b 4c 4d 4e 4f 4g
5P la 2a 2b 2c 2d 2e 2f 3a 3b 3¢ 3d 4a 4b 4c 4d 4de 4f 4g
7P la 2a 2b 2c 2d 2e  2f 3a 3b 3¢ 3d 4a 4b 4c 4d 4de 4f 4g
11P la 2a 2b 2c 2d 2e  2f 3a 3b 3¢ 3d 4a 4b 4c 4d 4de 4f 4g
13P la 2a 2b 2c 2d 2e 2f 3a 3b 3c 3d 4a 4b 4c 4d 4de 4Af 4g
X1 T T T T T T T I T T T T T T T T T T
X.2 78 78 —34 —34 14 14 -2 15 -3 6 —3 6 —6 —6 —2 2 2 2
X.3 352 —352 . . —32 32 . -8 28 10 1 . . . . —8 8 .
X.4 429 429 7 7 45 45 13 6 24 15 -3 13 5 5 =3 5 5 5
X.5 1001 1001 —231 —231 41 41 -7 56 29 2 2 1-11-11 9 5 5 =3
X.6 1430 1430 —154 —154 86 86 6 —1 —28 26 —1 14 —6 —6 6 10 10 2
X.7 2080 —2080 —384 384 —96 96 . 64 —26 19 1 . 16 —16 . —8 8 .
X.8 2080 —2080 384 —384 —96 96 . 64 —26 19 1 .—16 16 . —8 8 .
X.9 3003 3003 539 539 59 59 —37 105 6 15 6 11 11 11 -5 3 3 -5
X.10 3080 3080 616 616 136 136 40 119 2 20 2 24 24 24 8 . . 8
X.11 5824 —5824 896 —896 —64 64 . 154 -8 —8 -8 .—16 16 . . .
X.12 5824 —5824 —896 896 —64 64 . 154 -8 —8 -8 . 16 —16 .
X.13 5824 —5824 —896 896 —64 64 . 154 -8 —8 -8 . 16 —16 .
X.14 5824 —5824 896 —896 —64 64 . 154 —8 —8 -8 .—16 16 .
X.15| 10725 10725 —715 —715 165 165 —43 15 114 24 6 29 —15—-15—11 9 9 -7
X.16| 13650 13650 1330 1330 210 210 114 105 123 33 15-—14 10 10 2 10 10 10
X.17| 13728 —13728 —1408 1408 —224 224 . 120 120 39 12 16 —16 —8 8 .
X.18 13728 —13728 1408 —1408 —224 224 . 120 120 39 12 —16 16 -8 8 .
X.19| 27456 —27456 . . —448 448 .—120 —84 60 -3 . . . —16 16 .
X.20| 30030 30030 1694 1694 526 526 62 —21 —102 60 6 38 26 26 —2 18 18 2
X.21| 32032 32032 —2464 —2464 544 544 —32 91 —44 64 10 64 —24 —24 . . . 8
X.22| 43680 43680 —4256 —4256 416 416 —32 399 —60 48 —6 . —24 —24 . . 8
X.23| 45045 45045 4389 4389 309 309 133 441 90 —18 9 29 41 41 5 1 1 1
X.24| 48048 —48048 4928 —4928 —272 272 546 96 —3 15 . —40 40 . —4 4 .
X.25| 48048 —48048 —4928 4928 —272 272 546 96 —3 15 40 —40 —4 4 .
X.26| 48048 48048 —1232 —1232 432 432 48 —84 258 6 —12 —16 . .—16 16 16 .
X.27| 50050 50050 770 770 130 130 —126 —35 235 19 —8-—14 10 10 18 18 18 —6
X.28| 50050 50050 —5390 —5390 450 450 —46 595 73 10 19 10—-50-50—-14 —2 -2 6
X.29| 75075 75075 1155 1155 835 835 131 —210 150 51 —-12 83 —5 —5 19 3 3 11
X.30| 75075 75075 7315 7315 515 515 51 735 —93 —3-12 -5 55 55—13 7 7 —1
X.31| 75075 75075 —5005 —5005 —125 —125 83 420 —12 42 15 —5 15 15 3 -1 -1 -9
X.32| 81081 81081 3465 3465 633 633 —87 . 162 81 . 33 5 5 -7 -3 -3 -3
X.33| 105600 —105600 . . 640 —640 . 120 —24 48 —24 . . . . .
X.34| 105600 —105600 . 640 —640 120 —24 48 —24 . . . . .
X.35| 114400 114400 —8800 —8800 480 480 32 685 28 —8 —26 64 —40 —40 . -8
X.36| 123200 —123200 . —960 960 —280 404 62 —28 . . . —16 16 .
X.37| 133056 —133056 . . 192 —192 . —108 —54 54 . . —16 16 .
X.38| 138600 138600 —9240 —9240 360 360 —24 630 —153 —45 9 8 —40 —40 8 8 8 -8
X.39| 138600 138600 —9240 —9240 360 360 —24 630 —153 —45 9 8 —40 —40 8 8 8 -8
X.40| 146432 —146432 11264 —11264 —1024 1024 . 776 —16 56 —16 —64 64 . .
X.41| 146432 —146432 —11264 11264 —1024 1024 776 —16 56 —16 64 —64 . .
X.42| 150150 150150 8470 8470 70 70 54 525 57 48 —24 —34 -30—-30 22 —6 —6 10
X.43| 205920 205920 1056 1056 864 864 160 —279 —144 72 18 64 24 24 . -8
X.44| 228800 —228800 . . —320 320 .—160 380 —52 29 . . . —16 16 .
X.45| 235872 —235872 —8064 8064 —1056 1056 . . —324 81 . . 16 —16 —24 24
X.46| 235872 —235872 8064 —8064 —1056 1056 —324 81 . .—16 16 —24 24 .
X.47| 289575 289575 12375 12375 615 615 183 405 162 —81 . 15 35 35 23 3 3 —5
X.48| 300300 300300 —7700 —7700 1420 1420 —84 —210 —291 114 —21 —4 —-20-20-20 20 20 —4
X.49| 320320 320320 14784 14784 1344 1344 192 406 —116 64 —8 . 16 16 . . 16
X.50| 320320 —320320 9856 —9856 576 —576 . 406 —116 64 —8 . 16 —16 . .
X.51| 320320 —320320 —9856 9856 576 —576 . 406 —116 64 —8 .—16 16 . .
X.52| 360855 360855 18711 18711 1431 1431 279 729 . . -9 39 39 -9 -9 -9 7
X.53| 370656 370656 —15840 —15840 1248 1248 —96 405 324 . . —40 —40 . . =8
X.54| 400400 —400400 —24640 24640 —560 560 1610 —64 —37 17 . 40 —40 4 —4 .
X.55| 400400 400400 6160 6160 1040 1040 16 —280 —307 —10 17 —48 . . 16 16 16 .
X.56| 400400 —400400 24640 —24640 —560 560 1610 —64 —37 17 . —40 40 4 —4 .
X.57| 400400 400400 6160 6160 1040 1040 16 —280 —307 —10 17 —48 . . 16 16 16 .
X.58| 400400 400400 —18480 —18480 —240 —240 80 980 98 —28 —10 16 . . —16 . .
X.59| 400400 400400 —18480 —18480 —240 —240 80 980 98 —28 —10 16 . . —16 . . .
X.60| 436800 —436800 17920 —17920 320 —320 840 210 —42 —33 . . . .—16 16 .
X.61| 436800 —436800 —17920 17920 320 —320 . 840 210 —42 —33 . . . .—16 16 .
X.62| 450450 450450 25410 25410 210 210 —350 1575 171 —18 9 —6 30 30 -2 —-2-10
X.63| 450450 450450 6930 6930 1170 1170 —110 —315 —72 9 9 130 10 10—-30—-14—-14 —6
X.64| 480480 —480480 —9856 9856 —1696 1696 . —336 —174 69 15 —16 16 . 8 —8 .
X.65| 480480 —480480 9856 —9856 —1696 1696 . —336 —174 69 15 . 16 —16 . 8 -8 .
X.66| 576576 576576 14784 14784 576 576 —320 126 180 72 18 . —16 —16 . —16
X.67| 577368 577368 —21384 —21384 216 216 —72 729 . L7224 —-24 24 —8
X.68| 579150 579150 —6930 —6930 1230 1230 174 —405 324 81 .—18 —-10-10 30 6 6 —10
X.69| 582400 582400 —8960 —8960 —1280 —1280 256 280 172 64 10 . . . . . .
X.70| 582400 582400 —8960 —8960 —1280 —1280 256 280 172 64 10 . . . . . .
X.71| 600600 600600 21560 21560 920 920 —136 525 —96 12 —42 72 40 40 24 . -8
X.72| 600600 600600 9240 9240 —1000 —1000 280 210 —15 57 —15 —8 —40 —-40 —8 —8 —8 -8
X.73| 600600 600600 9240 9240 —1000 —1000 280 210 —15 57 —15 —8 —40—-40 —8 -8 —8 —8
X.74| 675675 675675 10395 10395 —165 —165 411 . 135 —-54 54 75-—-45-45 11 —5 —5 3
X.75| 686400 —686400 28160 —28160 —960 960 . 960 6 78 —21 . . . 16 —16 .
X.76| 686400 —686400 —28160 28160 —960 960 . 960 6 78 —21 . . 16 —16 .
X.77| 720720 720720 —33264 —33264 1104 1104 —112 1386 —18 36 —18 —80 —16 —16 16 . 16
X.78| 800800 800800 —12320 —12320 800 800 —416 —245 520 16 34 . 40 40 . . . 8
X.79| 852930 852930 —29646 —29646 1026 1026 18 729 . . . —54 6 6 18 —-18 —18 -2
X.80| 915200 —915200 28160 —28160 —1280 1280 . 440 548 8 8 . . . . . . .
X.81| 915200 —915200 —28160 28160 —1280 1280 . 440 548 8 8 . . . . . . .
X.82| 938223 938223 —2673 —2673 1647 1647 207 —729 . . . 63 15 15 15 —9 —9 -1
X.83| 972972 972972 —24948 —24948 1836 1836 —180 . —243 . . 60—36—-36—-20—-12—-12 12
X.84| 982800 982800 15120 15120 —240 —240 —240 . —135 54 27 —48 . 16 —16 —16 .
X.85| 982800 982800 15120 15120 —240 —240 —240 . —135 54 27 —48 . 16 —16 —16
X.86/1029600 —1029600 . . —1440 1440 . —720 252 90 9 . . . -8 8
X.87|1201200 —1201200 24640 —24640 —1680 1680 .—210 132 -39 24 —40 40 12 —12
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Character table of H(Fiz3) (continued)

2] 4 9 8 8 8 7 8 8 4 8 8 9 9 5 5 8 8 7 7 7 6 6
3] 1 7 9 5 5 7 6 6 7 4 4 3 3 5 5 3 3 3 3 3 3 3

5| 2 1 1 1 . . . . . . . . . . . .

7 1 . . . . . . . .
11 . . . . . . . . . .

5a 61 63 63 64 65 66 67 68 69 619 611 612 613 614 615 616 617 618 619 620 621
2P 5a 3a 3b 3a 3a 3¢ 3b 3b 3d 3b 3b 3a 3a 3¢ 3¢ 3b 3b 3¢ 3¢ 3a 3¢ 3c
3P| 5a 2a 2a 2b 2¢ 2a 2c 2b 2a 2d 2e 2d 2e 2b 2c 2f 2f 2f 2f 2f 2e 2d
5P| 1la 61 62 63 64 65 6 67 6g 69 619 611 612 613 614 615 616 617 618 619 620 621
7P| 5a 61 6 63 64 65 6 67 6g 69 610 611 612 613 614 615 616 617 618 619 620 621
11P| 5a 61 62 63 64 65 6 67 63 69 619 611 612 613 614 615 616 617 618 619 620 621
13P| 5a 61 63 63 64 65 6 67 68 69 619 611 612 613 614 615 616 617 618 619 620 621
X1 1 1 1 T 1 1 T I 1 I 1 I 1 I 1 I 1 I 1 I 1 T
X.2| 3 15 -3 -7 -7 6 -7 -7 -3 5 5 —1 -1 2 2 1 1 -2 -2 1 2 2
X.3] 2 8 —28 . . —10 . .o—1 4 —4 -8 8 . . . 6 —6 .2 =2
X4 4 6 24 14 14 15 —4 -4 -3 . 6 6 5 5 4 4 7 7 —2 3 3
X.5] 1 56 29 —6 —6 2 —15 —15 2 5 5 8 8 -6 —6 —7 —7 2 2 2 2 2
X.6| 5 —1 —28 —19 —19 26 8 8 -1 —4 —4 —-1 -1 8 8 . . —6 —6 -3 2 2
X.71 5 —64 26 —24 24 —19 6 —6 —1 —6 6 . . 3 -3 6 —6 —3 3 . 3 -3
X.8/ 5 —64 26 24 —24-19 —6 6 —1 —6 6 . . =3 3 —6 6 —3 3 . 3 =3
X.9] 3 105 6 17 17 15 26 26 6 14 14 -7 -7 —1 -1 2 2 -1 -1 -7 -1 -1
X.10| 5 119 2 31 31 20 22 22 2 10 10 7 7 4 4 -2 -2 4 4 7 4 4
X.11|]—1 —154 8 —4 4 8 —32 32 8 8 —8 2 -2 —4 4 . . . . . 4 —4
X.12|—-1 —154 8 4 —4 8 32 —32 8 8 —8 2 -2 4 —4 . . . .4 —4
X.13|—1 —154 8 4 —4 8 32 —32 8 8 —8 2 -2 4 —4 . . . . 4 —4
X.14|—1 —154 8 —4 4 8 —32 32 8 8 —8 2 -2 —4 4 . . . . . 4 —4
X.15 . 15 114 5 5 24 14 14 6 —6 —6 15 15 —4 —4 —10-10 8 8 5 . .
X.16| . 105 123 25 25 33 7 7 15 3 3 9 9 7 7 15 15 9 9 9 -3 -3
X.17 3 —120 —120 —40 40 —39 4 —4-12 -8 8 -8 8 —-13 13 -12 12 9 -9 .—1 1
X.18| 3 —120 —120 40 —40 -39 —4 4 —-12 -8 8 —8 8 13 -—-13 12 -—12 9 —9 =1 1
X.19] 6 120 84 . . —60 . 3 20-20 8 —8 . . . —12 12 . 4 —4
X.20] 5 —21 —102 29 29 60 —34 —34 6 —14 —-14 —5 -5 2 2-10-10 —4 -4 5 4 4
X.21 7 91 —44 —-79 —-T79 64 20 20 10 4 4 —5 —5 2 2 4 4 —8 -8 1 4 4
X.22| 5 399 —60 —71 —T71 48 —44 —44 —6 20 20 —-1 -1 10 10 4 4 —8 -8 1 —4 —4
X.23|—5 441 90 —21 —21 —18 42 42 9 —6 —6 9 9 6 6 10 10 —2 —-2 19 6 6
X.24|—2 —546 —96 —4 4 3 —68 68 —15 16 —16 10 —10 5 —5 12 —12 3 -3 . 5 —5
X.25|—2 —546 —96 4 —4 3 68 —68 —15 16 —16 10 —10 —5 5—-12 12 3 -3 . 5 —5
X.26(—2 —84 258 —44 —44 6 10 10-12 18 18 12 12 -8 -8 —6 —6 6 6—-12 6 6
X.27| . =35 235 5 5 19 —-13 —-13 -8 -5 —5 13 13 5 5 3 3 3 3 -3 -5 =5
X.28] . 595 73 —-35 —-35 10 —71 —-71 19 9 9 3 3 -8 -8 -7 -7 2 2 5 6 6
X.29 . —210 150 30 30 51 —6 —-6-12 -2 -2 -2 -2 3 3 2 2 11 11 —10 7 7
X.30] . 735 —93 25 25 —3 79 79-12 11 11 -1 —-1-11-11 -9 -9 —3 -3 9 5 5
X.31 . 420 —12 —10 —10 42 —64 —64 15 28 28 4 4 —10 —10 8 8 2 2—-10 —2 —2
X.32] 6 . 162 90 90 81 —18 —18 . —6 —6 . . 9 9 6 6 9 9 —6 —3 -3
X.33 . —120 24 . . —48 . 24 -8 8 —8 8 . . . . . . 8 —8
X.34] . —120 24 . . —48 . 24 -8 8 —8 8 . . . . . 8 —8
X.35| . 685 28 —-25 —-25 —8 —52 —-52-26 12 12 -3 -3 2 2 —4 —4 8 8 —1 . .
X.36| . 280 —404 . . —62 . 28 12 —12 —24 24 . . . . 18 —18 . 6 —6
X.37 6 . 108 . . 54 . . —54 12 —-12 . . . . . 6 —6 . —6 6
X.38] . 630 —153 30 30 —45 —33 —33 9 -9 -9 6 6 3 3 15 15 3 3 6 3 3
X.39] . 630 —153 30 30 —45 —33 —33 9 —9 -9 6 6 3 3 15 15 3 3 6 3 3
X.40| 7 =776 16 104 —104 —56 —32 32 16 —16 16 8 —8 —4 4 . . . . . 4 —4
X.41| 7 =776 16 —104 104 —56 32 —32 16 —16 16 8 —8 4 —4 . . . .4 -4
X.42 . 525 57 55 55 48 73 73 —-24 25 25 13 13 -8 -8 9 9 . . —9 —8 -8
X.43|—-5 —279 —144 —69 —69 72 —24 —24 18 . 9 9 12 12 -8 -8 —8 —8 —5 . .
X.44| . 160 —380 . . 52 . . —29 4 —4-32 32 . . . —12 12 . —4 4
X.45|—3 . 324 -T2 72 —81 —36 36 =12 12 . . 9 -9 12-12 -9 9 . =3 3
X.46|—3 . 324 72 —72-81 36 —36 =120 12 . . =9 9—-12 12 -9 9 . -3 3
X.47) . 405 162 —45 —45-—-81 —18 —18 . —6 —6 21 21 9 9 6 6 —9 —9 3 3 3
X.48| . —210-291 —50 —50 114 49 49 —21 —11 —11 -2 -2 4 4 9 9 —6 —6 6 —2 —2
X.49|—5 406 —116 114 114 64 —12 —12 -8 12 12 6 6 6 6 —12 —12 . . —6 . .
X.50/—5 —406 116 —44 44 —64 —28 28 8 36-36-—-18 18 10-10-12 12 . . . . .
X.51|—5 —406 116 44 —44 —64 28 —28 8 36 —-36—-18 18 —-10 10 12 —12 . . . . .
X.52| 5 729 81 81 . . . 9 . . . . . . 9 . .
X.53] 6 405 324 —45 —45 36 36 . —12-12 21 21 —18 —18 —12 —12 . . 3 . .
X.54 . —1610 64 20 —20 37 124 —124 —-17 16 —16 —14 14 -7 7 12 -12 -3 3 -1 1
X.55| . —280 —307 40 40 —10 —23 —23 17 5 5 8 8 —14 —14 1 1 -2 -2 -8 2 2
X.56 . —1610 64 —20 20 37 —124 124 —17 16 —16 —14 14 7 —-7-12 12 -3 3 . —1 1
X.57| . —280 —307 40 40 —10 —23 —23 17 5 5 8 8 —14 —14 1 1 -2 -2 -8 2 2
X.58] . 980 98 60 60 —28 —66 —66 —10 —6 —6 —12 —12 6 6 —-10—-10 —4 —4 —4 . .
X.59| . 980 98 60 60 —28 —66 —66 —-10 —6 —6 —12 —12 6 6—-10—-10 —4 —4 —4 . .
X.60 . —840 —210 -—80 80 42 —46 46 33 14 —14 8 —8 -8 8 18—-18 —6 6 =2 2
X.61 . —840 —210 80 —80 42 46 —46 33 14 —14 8 -8 8 —8-—-18 18 —6 6 =2 2
X.62| . 1575 171 —-15 —15-—18 111 111 9 3 3 -9 -9 12 12 7 7 -2 —-2-23 6 6
X.63| . =315 —72 45 45 9 —36 —36 9 21 21 -9 -9 4 4 1 1-11 -3 -3
X.64| 5 336 174 —136 136 —69 —26 26 —15 14 —14 —-16 16 -1 1 6 —6 3 -3 . 1 -1
X.65| 5 336 174 136 —136 —69 26 —26 —15 14 —14 —16 16 1 -1 —6 6 3 -3 . 1 -1
X.66| 1 126 180 114 114 72 —12 —12 18 36 36 —18 —18 6 6 4 4 —8 —8 10 . .

X.67|—7 729 . 81 81 . . 9 9 . . . . . 9 .
X.68] . —405 324 —45 —45 81 36 36 —12 —12 —21 —21 9 9 —-12 —12 9 9 3 -3 -3
X.69 . 280 172 40 40 64 4 4 10-20-20 -8 —8—-14-—14 4 4 -8 -8 -8 4 4
X.70[ . 280 172 40 40 64 4 4 10-20-20 —8 —8—14-—14 4 4 -8 -8 -8 4 4
X.71 . 525 —96 5 5 12 —40 —40 —42 —16 —16 —19 —19 —22 —22 8 8 —4 —4 5 —4 —4
X.72| . 210 —15 —-30 —30 57 33 33 —-15 17 17 2 2 -3 -3 1 1 1 1 10 5 5
X.73] . 210 —15 —-30 —30 57 33 33 —-15 17 17 2 2 -3 -3 1 1 1 1 10 5 5
X.74 . . 135 . . —54 27 27 54 15 15 . . . . 3 3 —6 —6 . —6 —6
X.75| . —960 —6 80 —80—78 —26 26 21 —6 6 . .—10 10 6 —6 —6 6 —6 6
X.76] . —960 —6 —80 80 —78 26 —26 21 —6 6 . . 10-10 -6 6 —6 6 —6 6

X.771-5 1386 —18 —54 —54 36 —54 —54 —18 6 6 —6 —6 . . 2 2 —4 —4 .
X.78 . —245 520 —-35 —35 16 —-8 —8 34 8 8§ 11 11 -8 -8 -8 -8 —8 —8 13 —4 —4

X.79] 5 729 —81 -—-81 . . . 9 9 . . . . . . =9 .

X.80| . —440 —548 80 —80 -8 28 —28 —8-—-20 20 -8 8 26—-26 12-—12 . . —4
X.81 —440 —548 —80 80 —8 —28 28 —8—-20 20 -8 8 —26 26 —12 12 . . —4 4
X.82|—2 —729 . —81 -—81 . . . . -9 -9 . . . . . -9 . .
X.83|—3 . —243 . . . 81 81 . —27 =27 . . . . 9 9 . . . .
X.84| . . —135 . . 54 —27 -—27 27 —-15-15 . . . -3 -3 6 6 6 6
X.85 . —135 . . b4 =27 —-27 27 -—-15-15 . . . -3 -3 6 6 6 6
X.86 720 —252 . . —90 . . —9 36 —36 48 —48 . . . . 6 —6 —6 6
X.87 210 —-132 —-20 20 39 92 —92 -24 12 -12 6 —6—-11 11 12-12 -9 9 9 -9
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Character table of H(Fiz3) (continued)
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Character table of H(Fiz3) (continued)

2 18 18 17 17 18 18 16 9 8 7 4 12 11 11 12 10 10 10
3 9 9 6 6 4 4 3 7 9 7 7 3 2 2 1 2 2 1
5 2 2 1 1 1 1 . 1 1
7 1 1 1 1 1 . .
11 1 1 1 1 .
13 1 1 . .
1a 2a 2b 2c 2d 2e 2f 3a 3b 3c 3d 4a 4b 4c 4d 4de 4Af 4g
2P Ta Ta Ta Ta Ta Ta Ta 3a 3b 3c 3d 2d 2e 2e 2d 2fF 2f 2e
3P la 2a 2b 2c 2d 2e 2f la la la la 4a 4b 4c 4d 4de 4f 4g
5P la 2a 2b 2c 2d 2e 2f 3a 3b 3¢ 3d 4a 4b 4c 4d 4de 4Af 4g
7P la 2a 2b 2c 2d 2e 2f 3a 3b 3¢ 3d 4a 4b 4c 4d 4de Af 4g
11P la 2a 2b 2c 2d 2e 2f 3a 3b 3c 3d 4a 4b 4c 4d 4de Af 4g
13P la 2a 2b 2c 2d 2e 2f 3a 3b 3c 3d 4a 4b 4c 4d 4de Af 4g
X.88 = = —30 — = . = .
X.89(1201200 —1201200 —24640 24640 —1680 1680 . —210 132 -39 24 . 40 —40 L1112 -12 .
X.90(1297296 —1297296 44352 —44352 —1200 1200 . 1134 —324 —81 . . —40 40 =12 12 .
X.91(1297296 —1297296 —44352 44352 —1200 1200 . 1134 —324 —81 . . 40 —40 =12 12 .
X.92|1360800 1360800 30240 30240 1440 1440 288 . 486 . . —96 . . =32 . .o
X.93[1372800 1372800 49280 49280 640 640 128 1560 —312 —24 12 . . . . .
X.94(1441792 1441792 . . . . . —512 640 64 -8 .
X.95(1441792 —1441792 . . . . . —512 640 64 -8 . . . . . .
X.96(1663200 —1663200 . . 2400 —2400 . . 108 54 27 . . . . =8 8 .
X.97|1663200 — 1663200 . . 2400 —2400 . . 108 54 27 . . . . —8 8 .
X.98(1791153 1791153 —5103 —5103 —2511 —2511 81 . . . . 81 9 9 33 9 9 9
X.99(1876446 1876446 37422 37422 —1890 —1890 —306 729 . . . 54-30-30-18 18 18 10
X.100{2027025 2027025 —24255 —24255 —1455 —1455 33 . —324 81 . 9 8 85—-15 -3 —3-3
X.101{2050048 2050048 . . 2048 2048 . —1232 —224 —80 -8 . . . . . . .
X.102(2196480 —2196480 11264 —11264 1024 —1024 . —456 —240 —24 —24 . 64 —64
X.103[2196480 —2196480 —11264 11264 1024 —1024 . —456 —240 —24 —24 .—64 64 . . . .
X.104[2316600 2316600 —43560 —43560 —840 —840 24 405 —162 . .—24 40 40 -8 . . —8
X.105(2358720 —2358720 8064 —8064 —1344 1344 . —1134 —324 . . .—16 16 . . . .
X.106(2358720 —2358720 —8064 8064 —1344 1344 . —1134 —324 . . . 16 —16 . . A
X.107|2402400 2402400 12320 12320 —160 —160 160 —735 —384 48 —6 —64 —40 —40 . . . —8
X.108[2402400 —2402400 49280 —49280 1760 —1760 . 840 —60 66 21 . 80 —80 . 8 =8 .
X.109(2402400 —2402400 —49280 49280 1760 —1760 . 840 —60 66 21 .—80 80 8 -8
X.110(2555904 2555904 —32768 —32768 . . . —384 192 —96 —24 . . . . .
X.111{2555904 —2555904 32768 —32768 . . . —384 192 —96 —24 .
X.112{2555904 —2555904 —32768 32768 . . . —384 192 —96 —24 .
X.113|2555904 2555904 32768 32768 . . . —384 192 —96 —24 . . .
X.114|2729376 2729376 7776 7776 —864 —864 —288 —T729 . . . —24 —-24 8
Character table of H(Fiz3) (continued)
2 9 8 8 8 7 8 8 4 8 8 9 9 5 5 8 8 7 7 7T 6 6 5
3] 1 7 9 5 5 7 6 6 7 4 4 3 3 5 5 3 3 3 3 3 3 3 3
5 1 1 . . . .
7 1 .
11 .
5a 61 G2 63 B4 65 B 67 Bs 69 610 611 612 613 614 615 616 617 618 619 620 621 622

2P| 5a 3a 3b 3a 3a 3¢ 3b 3b 3d 3b 3b 3a 3a 3c 3¢ 3b 3b 3¢ 3¢ 3a 3c 3¢ 3¢
3P|5a  2a 2a 2b 2c 2a 2 2b 2a 2d 2 2d 2 2b 2c 2f 2f 2f 2f 2f 2e 2d 2f
5P| la 61 62 63 64 65 6 67 63 69 619 611 612 613 614 615 616 617 618 619 620 621 622
7P| 5a 61 62 63 64 65 6 67 68 69 619 611 612 613 614 615 616 617 618 619 620 621 622
11P| 5a 61 62 63 64 65 6 67 63 69 619 611 612 613 614 615 616 617 618 619 620 621 622

13P| 5a 61 632 63 64 65 66 67 63 69 619 611 612 613 614 615 616 617 618 619 6209 621 622
X.88] . 420 —30 —20 —20—-48 34 34 51 2 2-28-28 -2 -2 2 2 8 8 —-4—-4-4 2
X.89 . 210 —132 20 —20 39 —-92 92 -—-24 12 -—-12 6 —6 11 —11 —-12 12 —9 9 . 9 —9 -3
X.90|—4 —1134 324 -—-36 36 81 36 —36 .—12 12 6 —6 —9 9—-12 12 9 -9 . 3 -3 -3
X.91|—4 —1134 324 36 —36 81 —-36 36 =12 12 6 —6 9 -9 12-12 9 -9 . 3 -3 3
X.92| . . 486 . . . —54 —54 . —18 —18 . . . . 18 18 . . . . . .
X.93| . 1560 —312 —40 —40-24 32 32 12 -8 -8 -8 -8 —4 —4-16—-16 8 8 8 —8 —8 —4
X.94|—-8 —512 640 . . 64 . . —8 . . . . . . . . . . . . . .
X.95|—-8 512 —640 . . —64 . . 8 . . . . . . . . . . . . .
X.96 . . —108 . . —54 . L=27—-12 12 . . . . . . —6 6 . 6 —6
X.97) . . —108 . . —54 . . —27 —-12 12 . . . . . . —6 6 . 6 —6
X.99|—4 729 . —81 -—-81 . 9 9 . . . . . . —9 . . .

X.100 .—324 —90 —90 81 —36 —36 .12 12 .. -9 -9 12 12 9 9 6 -3 -3 3
X.101|—2 —1232 —224 . —8 —8 32 32-16 —16 . . . . . . 8 8 .
X.102| 5 456 240 104 —104 24 -32 32 24 16 —16 -8 8 —4 4 —4 4 .
X.103| 5 456 240 —104 104 24 32-32 24 16 —16 -8 8 4 —4 . . . . . —4 4 .
X.104| . 405 —162 45 45 . 18 18 . 6 6 21 21 18 18 —6 —6 . . =3 . . —6
X.105|—5 1134 324 —36 36 . 36 —36 .—12 12 -6 6 18 —18 —12 12 . B . . . 6
X.106|—5 1134 324 36 —36 .—36 36 . —12 12 —6 6—18 18 12 —12 . . . . . —6
X.107| . —735—384 35 35 48 8 8 —6—-16—-16 17 17 8 8 -8 -8 -8 -8 -5 —-4 -4 4
X.108| . —840 60 —40 40 —66 —32 32 —21 —4 4 8 —8 —4 4 . . 6 —6 -2 2
X.109| . —840 60 40 —40 -66 32 —-32—-21 —4 4 8 —8 4 —4 . . 6 —6 =2 2
X.110] 4 —384 192 64 64 —96 64 64 —24 . . . . —8 =8 . . . . . . .
X.111| 4 384 —192 —64 64 96 64 —64 24 . 8 —8

X.112| 4 384 —192 64 —64 96 —64 64 24 . . . . —8 8

X.113| 4 —384 192 —64 —64 —96 —64 —64 —24 . . . . 8 8

X.114] 1 —-729 81 81 . . . . . . =9 -9 . . 9
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Character table of H(Fiz3) (continued)
205 4 4 2 7 7 7 6 6 3 2 1 4 3 3 4 4 2 2 7T 7 5 6 6 6 5 5 5
3 3 3 3 1 1 1 . . .4 4 3 1 1 1 . 2 2 3 2 2 2 2 2 2
5 . . .. L 2 1 1 . . .
7 1 . . .
11 . 1 1
623 604 625 7a 8a 8b 8c 8d 8e 9a 9b 9c 10a 106 10c 10d 10e 11a 11b12a 12b12c 12d 12e 12f 12g 12h 127
2P| 3¢ 3d 3d 7a 4a 4a 4d 4] 4f 9a 9b 9¢ bHa Ha ba ba ba 11b11a 611 611 69 612 612 611 615 615 616
3P| 2f 2f 2f 7a 8a 8b 8c 8d 8e 3b 3b 3d 10a 10b 10c 10d 10e 11a 11b 4a 4a 4a 4c 4b 4a 4e 4
5P|653 624 625 7a 8a 8b 8c 8d 8¢ 9a 9b 9c 2a 2b 2¢ 2e 2d1la 11b12a 12b12c 12d 12 12f 12g 12k 134
7P|633 624 655 la 8a 8b 8c 8d 8¢ 9a 9b 9c 10a 10b 10c 10d 10e 11b 11a 12a 12b 12¢ 12d 12¢ 12f 12¢ 12h 12i
11P|623 624 6255 7a 8a 8b 8c 8d 8e 9a 9b 9c¢ 10a 10b 10c 10d 10e la 1la 12a 12b12c12d 12e 12f 12g 12h 123
13P|655 604 625 Ta 8a 8b 8c 8d 8¢ 9a 9b 9c 10a 10b 10c 10d 10e 11b 11a 12a 12b 12¢ 12d 12¢ 12F 12¢ 12k 123
X8 2 -1 -1 . . . .. . 3 .. B . . . . . . =4 =4 2 B . —4 =2 =2 =2
X.89| 3 . 2-2 . 3 . . . . . . . —6 6 .2 =2 . . . .
X.90| 3 . .2=-2 . 4 2 -2 . . . . —6 6 =2 2 . . .
X.91| -3 . =2 2 . 4 -2 2 . . . . —6 6 .2 =2 . . .
X.92 . . . . . . B . . . . 1 1 . . —6 . . . . .
X.93|—4 —4 —4 2 -3 . . . . . . . . . . . .
X.94 . .2 4—-2-2 -8 . . . .
X.95 . . . 4-2-2 8 . . . .
X.96 . 3 =3 . . . . . . =2 2 2
X.97 . 3-=-3 . . . [ . . . =2 2 2
X.98 . . .—3-3-3 1 1 . . 3 -3-3-1-1 1 1 . . . . . . .
X.99 . —-2-2 2 2 . . —4 2 2 . . . . —3 -3 .3 3 3
X.100| 3 . 1-3 1-1-1 . . . . . . . . . . . -2 -2 6
X.101 . . . . =2 4 1 =2 . . =2 =2 . .
X.102 . -1 . 3 3 .-5-1 1 1 -1 . . . . . —4 4
X.103 . —1 . 3 3 .-5 1-1 1 -1 . . . . . 4 —4
X.104| —6 -1 4 4 .o . . . . .—3-3—-6 1 1 -3
X.105| —6 . . . . 5 —1 1 -1 1 1 1 6 —6 -2 2
X.106| 6 . e . 5 1-1-1 1 1 1 6 —6 2 -2
X.107] 4 -2 -2 . 4 -4 3 3 . . . . . . 5 5 8 -1 -1 -1 . . .
X.108 . =3 3 . . -3 . . . .4 -4 . 2 -2 =2
X.109 .=3 3 . . -3 . . . —4 4 . 2 -2 =2
X.110 . .1 . . =3 4 2 -1 -1 . . . . . . .
X.111 1 . -3 —4 -2 2 -1 —1 .
X.112 1 . —3 —4 2 =2 -1 -1 .
X.113 1 . -3 4 -2 -2 -1 —1 .
X.114 —1—-4 4 1 1 1 1 1 1 1 3 3 -3 -3 -3
Character table of H(Fiz3) (continued)
2l 5 5 5 4 4 5 5 3 3 1 12 2 2 2 5 5 3 2 3 3 3 3 2 2 3
g 2 2 2 2 2 1 1 2 2 1 . i 4 4 3 3 3 3 3 3 2
7 . 1 1 1 .
11 . . .
13 . . 1 1 . . . . . . . . . . . . . .
p 12q a a c15a 16a a c e g 7
2P 618 618 616 620 620 612 69 694 624 13b 13a 7a 7a 7a15a 8c 8c 9a 9b 9a 9a 9a 9a 9b 9b 9a
3P| de 4f 4e 4b 4e 4g 4d 4f 4de 13a 13b 14a 14b 14c 5a 16a 16b 62 62 66 67 66 67 66 67 610
5P(125 12k 121 12m 12n 120 12p 12q 127 13b 13a 14a 14b 14¢ 3a 16b 16a 18a 18b 186 18f 18¢c l8d 18g 18h 181
7TP(125 12k 121 12m 12n 120 12p 12q 127 13b 13a 2a 2b 2c¢ 15a 16b 16a 18a 18b 18c 18d 18e 18f 18g 18h 183
11P|125 12k 121 12m 12n 120 12p 12q 12r 13b 13a 14a 14b 14c 15a 16a 16b 18a 18b 18e 18 f 18c 18d 18g 18h 18:
13P[127 12k 121 12m 12n 120 12p 12¢ 127 1la la 14a 14b 14c 15a 16b 16a 18a 18b 18¢c 18d 18e 18f 18g 18h 18¢
X.88 4 4 -2 . . .21 I 3 I -2 —2 -1
X.89 3 -3 . 1 -1 . . . . .3 —2 2-2 2 1 -1 .
X.90| -3 3 .o —1 1 . . . . —1 . . . . . .
X.91 -3 3 . 1 -1 . . . -1
X.92 . . . . . . =2 . -1 -1 . . . . . . . . . . .
X.93 . . . . . . . 2 . . . . . —3 -1 -1 -1 -1 2 2 1
X.94 . . . . . 1 1 2 . =2 . . 4 —2 . . . . . . .
X.95 . . . . . 1 1 -2 . . =2 . -4 2 .
X.96| -2 2 -2 . . =1 1-C—-D . . . . . . .
X.97| -2 2 -2 . . -1 1-D —-C . . . .
X.98 . . . . . . . . . . . -1 -1 . .
X.99 . . 1 . . . -2 —1 . . . .
X.100| -3 —3 1 1 . . . . . 1 1 . .
X.101 . . . . . . . . -2 . -2 4 . 2
X.102 . -2 2 . . . . 1 1-1 -1 -3-3 1 -1 1 -1 1 -1 -1
X.103 . 2 =2 . . . . 1 -1 1 -1 -3 -3 -1 1 -1 1 -1 1 -1
X.104 . -2 -2 1 -2 . . -1 1 . . .
X.105 . 2 =2 . . . . . 1 .
X.106 . -2 2 . . . 1 .
X.107 . . . 2 2 1 . . . 3 3-1-1-1-1-1-1-1
X.108 2 —2 2 2 -2 . 1 -1 3 . 1 -1 1 -1 =2 2 1
X.109] 2 -2 2 -2 2 . 1 1 . . . 3 . —1 1 —1 1 2 -2 1
X.110 . . . . . . . . 1 —-1-1 1 -3 -2 -2 -2 -2 1 1
X.111 . -1 1 -1 1 3 -2 2-2 2 1 -1
X.112 . -1 -1 1 1 3 2 -2 2 -2 -1 1
X.113 . . 1 1 1 1 -3 2 2 2 2 -1 -1
X.114 —1 -1 -1 -1 1 . .
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Character table of H(Fiz3) (continued)

23 1 3 3 1 2 2 2 2 2 2 4 4 1 1
31 2 3 . . 1 . . . . . .11 . .
5 . . 1 1 . . .
7l . . . . 1 . . . . . .

1 1 1 1 1 1 1 . .
3 1 1

2
1

2 2 1
111
1

185 18K 20a 206 21a 22a 225 22¢ 22d 2%¢ 22F 24a 24k 264 266 30a 306 30 424

2P| 9a 9c¢ 10d 10d 21a 11a 11a 116 11b 11b 11a 12a 12b 13a 13b 15a 15a 15a 21a

3P| 69 65 20a 20b Ta 22a 22b 22c 22d 22e 22f 8a 8b26a 26b 10b 10c 10a 14a
5P|(187 18k 4b 4c2la 22a 22b 22c 22d 22e 22 f 24a 24b 26b 26a 63 64 61 42a
7P|187 18k 20a 20b 3a 22c 22e 22a 22 f 22b 22d 24a 24b 26b 26a 30a 30b 30c 61
11P[187 18k 20a 20b2la 2a 2c¢ 2a 2b 2c 2b24a 24b 26b 26a 30a 30b 30c 42a
13P[185 18k 20a 20b 21a 22c 22e 22a 22 f 22b 22d 24a 24b 2a 2a 30a 30b 30c 42a
X .88 -1 . . . . . . . . . . . . . . . . . .
X.89 . . . . . . .
X.90 . -1 1 1
X.91 . 1 -1 1
X.92 1 1 1 1 1 1 -1 -1 . . .
X.93] 1 -1 . . . . —1
X.94 . =2 . . —1 . . . . . . . .11 . =2 -1
X.95 .2 . . -1 . . . . . . . -1 -1 . 2 1
X.96 . . . . . . . . . . . . . D C . . .
X.97 . . . . . . . . . . . C D .
X.98 . -1 -1 .11 1 1 1 1 . . . .
X.99 . . . .1 . . . . . 1 -1 -1 -1-1 1
X.100! . -2 . . . .
X.101 2 1 . . . . . =2 .
X.102| 1 -1 1 -1 -1 1 1 1
X.103| 1 1 -1 -1 1 -1 1 1
X.104 . . . . —1 . . . . . .11 . . -1
X.105! . -1 1 .-1-1-1 1-1 1 . -1 1 -1 .
X.106! . o1 =1 .-1 1 -1 -1 1 -1 . . 1 -1 -1
X.107| -1 . . . . . . . . . .1 -1 . . .
X.108| -1 . .
X.109| -1 . . . . . . . . . . .
X.110 . . . .1 -1 1-1 1 1 1 -1 -1 1 1
X.111 . . . .11 1 1 -1 1 -1 1 -1 -1 -1
X.112 . . . .1 1 -1 1 1-1 1 -1 1 -1 -1
X.113 . . . .1 -1-1-1-1-1 -1 . . 1 1 1 1
X.114 .1 1-1 1-1 1-1-1-1-1 1 1 1 1 -1

73

where A = _C(li)?l —C(11)7; —¢(11)1; —¢(11)3; —¢(11)11 —1, B = 6¢(3)3+3,C =
C(13)13+¢(13)33+C(13)]5+C(13)F5+¢(13)75+¢(13)F5+1, D = —((13)15 - C(13) 5 —

C(13)f5 — ¢(13)§5 — ¢(13)35 — C(13)35, = —2((8)F — 2¢(8)s-
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B.4. Character table of H(2Fige) = Hy = (pa, 2, ha)

2| 18 18 18 18 17 17 16 16 16 16 17 17 15 15 16 11 11 13 13 13 13 12
3 4 4 4 4 4 4 2 2 2 2 1 2 2 1 2 2 1 1 1 1 1
5/ 1 1 1 1 1 1 . . . . . . . . 1 1 . . .
Ta 2a 2D 2c 2d 2e 2f 2g 2h 2t 25 2k 20 2m_ 2n_ 20 2p 2q 2r 2s 2t 2u
2P| Ta Ta Ia Ta Ta Ia Ta Ta Ta Ta TIa Ta Ta Ta Ta Ia Ta Ta Ta TIa Ia Ta
3P| la 2a 2b 2c 2d 2e 2f 29 2h 2i 25 2k 2l 2m 2n 20 2p 2q 2r 2s 2t 2u
5P| la 2a 2b 2c 2d 2e 2f 2g 2h 2i 25 2k 2l 2m_ 2n_ 20 2p 2q 2r 2s 2t 2u
X I 1 T T T T T T T T T T T T T T T T 1 T T T T
X.2| 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 -1 -1 1 1 1 1 1
X.3| 6 6 6 6 6 6 —2 —2 —2 -2 6 6 —2 -2 6 4 4 2 2 2 2 2
X.4) 6 6 6 6 6 6 —2 —2 —2 -2 6 6 —2 —2 6 —4 —4 2 2 2 2 2
X.5| 10 10 10 10 10 10 -6 -6 —6 —6 10 10 —6 —6 10 . 2 2 2 2 2
X.6| 15 15 15 15 15 15 7 7 7 7 15 15 7 7 15 5 5 3 3 3 3 3
X.7| 15 15 15 15 15 15 7 7 7 7 15 15 7 7 15 =5 =5 3 3 3 3 3
X.8| 15 15 15 15 15 %5 -1 -1 -1 -1 15 15 -1 -1 15 -5 -5 -1 -1 —-1 -1 -1
X.9| 15 15 15 15 15 %5 -1 -1 -1 -1 15 15 —1 —1 15 5 5 -1 -1 -1 -1 —1
X.10[ 16 —16 16 —16 16 —16 -8 8 -8 8 . . 8 -8 . 4 —4 4 4 —4 —4 4
X.11| 16 —16 16 —16 16 —16 -8 8 -8 8 . 8 -8 . —4 4 4 4 —4 —4 4
X.12| 16 —16 16 —16 —16 16 8 -8 8 -8 . 8 -8 . —4 4 4 4 —4 —4 —4
X.13| 16 —16 16 —16 —16 16 8 —8 8 —8 . 8 -8 . 4 —4 4 4 —4 —4 —4
X.14| 20 20 20 20 20 20 4 4 4 4 20 20 4 4 20 . -4 —4 —4 —4 —4
X.15| 20 20 20 20 20 20 4 4 4 4 20 20 4 4 20 10 10 4 4 4 4 4
X.16| 20 20 20 20 20 20 4 4 4 4 20 20 4 4 20—-10—-10 4 4 4 4 4
X.17| 24 24 24 24 24 24 8 8 8 8 24 24 8 8 24 4 4 . . . . .
X.18| 24 24 24 24 24 24 8 8 8 8 24 24 8 8 24 —4 —4 . . . . .
X.19( 30 30 30 30 30 30 -10 -10 -10 —10 30 30 —-10-10 30 —10—10 2 2 2 2 2
X.20[ 30 30 30 30 30 30 -10 =10 =10 —-10 30 30 —-10-10 30 10 10 2 2 2 2 2
X.21| 32 —32 —-32 32 . . 16 16 —16 —16 . . . . 8 -8 8 -8 .
X.22( 40 40 40 40 —40 —40 16 16 16 16 8 8—-16 —16 —8 10 10 4 4 4 4 —4
X.23| 40 40 40 40 —40 —40 16 16 16 16 8 8 -16 —16 —8 —10 —10 4 4 4 4 —4
X.24| 40 40 40 40 —40 —40—16 —16 —16 —16 8 8 16 16 —8 10 10 4 4 4 4 —4
X.25| 40 40 40 40 —40 —40—16 —16 —16 —16 8 8 16 16 —8 —10-—10 4 4 4 4 —4
X.26| 60 60 60 60 60 60 —4 —4 —4 —4 60 60 —4 —4 60-10-10 4 4 4 4 4
X.27| 60 60 60 60 60 60 —4 —4 —4 —4 60 60 —4 —4 60 10 10 4 4 4 4 4
X.28| 60 60 60 60 60 60 12 12 12 12 60 60 12 12 60 . . 4 4 4 4 4
X.29| 64 64 64 64 64 64 . . 64 64 . . 64 —-16 —16 . . . . .
X.30| 64 64 64 64 64 64 . 64 64 . . 64 16 16 . . .
X.31| 80 80 —80 —80 . —32 32 32-32 16 —16 . . . 8 —8 -8 8 .
X.32| 80 80 80 80 —80 —80 . 16 16 . .—16 20 20 8 8 8 8 -8
X.33| 80 80 80 80 —80 —80 . 16 16 . . —16 —20 —20 8 8 8 8 -8
X.34| 80 80 —80 —80 . 32 -32-32 32 16 —16 . . . . . 8 —8 -8 8 .
X.35| 80 80 80 80 80 80 —16 —16 —16 —16 80 80 —16 —16 80 . . . . .
X.36| 81 81 81 81 81 81 9 9 9 9 81 81 9 9 81 9 9 -3 -3 -3 -3 -3
X.37 81 81 81 81 81 81 9 9 9 9 81 81 9 9 88 -9 -9 -3 -3 -3 -3 -3
X.38 90 90 90 90 90 90 -6 -6 —6 —6 90 90 —6 —6 90 . . -6 -6 —6 —6 —6
X.39| 96 —96 96 —96 —96 96 —16 16 —16 16 . —16 16 . 16 —16 8 8 -8 -8 -8
X.40| 96 —96 96 —96 —96 96 —16 16 —16 16 . —16 16 —16 16 8 8 -8 —8 -8
X.41] 96 —96 96 —96 96 —96 16 —16 16 —16 . —16 16 —16 16 8 8 —8 -8 8
X.42| 96 —96 96 —96 96 —96 16 —16 16 —16 . —16 16 . 16 —16 8 8 —8 -8 8
X.43(120 120 120 120 120 120 24 24 24 24 —8 —8 24 24 -8 . . . . . . .
X.44(120 120 120 120-120-120 16 16 16 16 24 24 —16 —16 —24 —10—-10 —4 —4 —4 —4 4
X.45(120 120 120 120 —120 —120—-16 —16 —16 —16 24 24 16 16 —24 —-10—-10 —4 —4 —4 -4 4
X.46(120 120 120 120 —-120-120—-16—-16—-16—-16 24 24 16 16—-24 10 10 —4 —4 —4 —4 4
X.47(120 120 120 120 -120-120 16 16 16 16 24 24-16-16—-24 10 10 —4 —4 —4 -4 4
X.48(120 120 120 120 120 120 24 24 24 24 —8 —8 24 24 — . . . . . .
X.49(120 120 120 120 120 120 24 24 24 24 -8 —8 24 24 -8 . . .
X.50{120 120 120 120 120 120 24 24 24 24 —8 —8 24 24 -8 . . . .
X.51{135 135 135 135 135 135 —33 —33 —33 —33 7 7 —33 =33 7 15 15 3 3 3 3 3
X.52(135 135 135 135 135 135 —33 —33 —33 —33 7 7 —33 —33 7—15—15 3 3 3 3 3
X.53[135 135 135 135 135 135 39 39 39 39 7 7 39 39 7 15 15 15 15 15 15 15
X.54(135 135 135 135 135 135 39 39 39 39 7 7 39 39 7-15-15 15 15 15 15 15
X.55[160 —160 160 —160 160 —160 48 —48 48 —48 . . —48 48 . . 8 8 -8 -8 8
X.56[160 —160 160 —160 —160 160 —48 48 —48 48 . —48 48 . . 8 8 —8 —8 -8
X.57(160 160 —160 —160 . . 32 —32 . . . . 16 —16 —16 16 .
X.58[160 —160 —160 160 . —48 —48 48 48 . . . . . 8 -8 8 -8 .
X.59[160 —160 —160 160 . —48 —48 48 48 . . . . . 8 -8 8 -8 .
X.60[192 —192 —192 192 . .—32-32 32 32 . . . . . 16 —-16 16 —16 .
X.61(216 216 216 216 —216 —216 —48 —48 —48 —48 —8 —8 48 48 8 —6 —6 12 12 12 12 -—12
X.62(216 216 216 216 —216 —216 48 48 48 48 —8 —8 —48 —48 8 -6 —6 12 12 12 12 -12
X.63[216 216 216 216 —216 —216 48 48 48 48 —8 —8 —48 —48 8 6 6 12 12 12 12 —-12
X.64/216 216 216 216 —216 —216 —48 —48 —48 —48 —8 —8 48 48 8 6 6 12 12 12 12 -12
X.65(240 240 240 240 —240 —240 —32 —32 —32 —32 48 48 32 32 —48 —40 —40 8 8 8 8 -8
X.66240 240 —240 —240 . . 32-32-32 32 48 —48 . . . . . =8 8 8 -8 .
X.67(240 240 —240 —240 . .—32 32 32-32 48 —48 . . . —8 8 8 —8 .
X.68(240 240 240 240 —240—240 32 32 32 32 48 48 —32-32-—-48 40 40 8 8 8 8 -8
X.69(240 240 240 240 —240 —240 —32 —32 —32 —32 48 48 32 32 -—-48 40 40 8 8 8 8 -8
X.70[240 —240 240 —240 —240 240 56 —56 56 —56 . 56 —56 . 20—-20 12 12 -12-12—12
X.71[240 —240 240 —240 —240 240 56 —56 56 —56 . 56 —56 .—20 20 12 12 -12-12-12
X.72(240 —240 240 —240 —240 240 -8 8 —8 8 . —8 8 . 20-20 —4 —4 4 4
X.73[240 —240 240 —240 —240 240 -8 8 -8 8 . —8 8 .—20 20 —4 —4 4 4 4
X.74(240 —240 240 —240 240 —240 8 —8 8 —8 . —8 8 . 20—-20 —4 —4 4 4 —4
X.75(240 —240 240 —240 240 —240 8 -8 8 -8 . —8 8 .—20 20 —4 —4 4 4 —4
X.76(240 240 240 240 240 240 48 48 48 48 —16 —16 48 48 —16 . . . . .
X.77|240 —240 240 —240 240 —240 —56 56 —56 56 . 56 —56 .—20 20 12 12-12-12 12
X.78(240 240 240 240 —240 —240 32 32 32 32 48 48 —32 —32 —48 —40 —40 8 8 8 8 -8
X.79[240 —240 240 —240 240 —240 —56 56 —56 56 . 56 —56 . 20—-20 12 12 -12-12 12
X.80[240 240 240 240 240 240 —48 —48 —48 —48 —16 —16 —48 —48 —16 . . . . .
X.81(240 240 240 240 240 240 —48 —48 —48 —48 —16 —16 —48 —48 —16 . . . . . .
X.82(270 270 270 270 270 270 6 6 6 6 14 14 6 6 14 30 30 18 18 18 18 18
X.83[270 270 270 270 270 270 6 6 6 6 14 14 6 6 14-30-30 18 18 18 18 18
X.84[320 320 320 320 —-320—-320 64 64 64 64 64 64 —64 —64 —64 . . . . . .
X.85[320 —320 320 —320 320 —320 —32 32 —32 32 . 32 —32 . 40—-40 16 16 —16 —16 16
X.86[320 —320 320 —320 320 —320 —32 32 —32 32 . 32 —32 .—40 40 16 16 —16—16 16
X.87[320 320 320 320 —320 —320 —64 —64 —64 —64 64 64 64 64 —64 . . . . . . .
X.88[320 —320 320 —320 320 —320 —32 32 —32 32 . 32 —32 . .—16 —-16 16 16 —16
X.89(320 —320 320 —320 —320 320 32 —-32 32 -32 32 —32 . . .—16—-16 16 16 16
X.90[320 —320 320 —320 —320 320 32 -32 32 -32 32 —32 .—40 40 16 16 —16 —16 —16
X.91{320 —320 320 —320 —320 320 32 —32 32 -32 32 —32 40 —40 16 16 —16 —16 —16
X.92(320 —320 —320 320 . .32 32-32-32 . . .—16 16 —16 16 .
X.93[320 —320 —320 320 32 32 -32-32 . . .—16 16 —16 16
X.94/320 320 —320 —320 64 —64 —64 64 64 —64 . . . .
X.95[320 320 —320 —320 64 —64 —64 64 64 —64 .
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Character table of H(2Fiag) (continued)
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Character table of H(2Fiag) (continued)
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Character table of H(2Fiag) (continued)
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Character table of H(2Fiag) (continued)
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Character table of H(2Fiag) (continued)
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Character table of H(2Fiag) (continued)

2| 18 18 18 18 17 17 16 16 16 16 17 17 15 15 16 11 11 13 13
3 4 4 4 4 4 4 2 2 2 2 1 1 2 2 1 2 2 1 1
5 1 1 1 1 1 1 . . . . . . . . 1 1 . .
Ia 2a 2D 2c 2d 2e 27 2g 2h 2t 27 2k 20 2m 2n_ 20 2p 2q 2r
2P| Ta Ia Ia Ia Ta Ta Ta Ta Ta Ia Ta Ta Ia Ta Ia Ta Ta Ta TIa
3P| 1la 2a 2b 2c 2d 2e 2f 2g 2h 2t 23 2k 2l 2m 2n 20 2p 2q 2r
5P| 1la 2a 2b 2c 2d 2e 2f 2g 2h 21 27 2k 2l 2m 2n 20 2p 2q 2r
X.96] 320 320 —320 —320 K —64 64 64 —64 64 —64 . . . . . . .
X.97| 320 320 —320 —320 . . —64 64 64 —64 64 —64 . . . .
X.98| 384 —384 384 —384 384 —384 —64 64 —64 64 . . 64 —64 16 —16
X.99| 384 —384 384 —384 —384 384 64 —64 64 —64 . . 64 —64 —16 16
X.100| 384 —384 384 —384 384 —384 —64 64 —64 64 . . 64 —64 .—16 16
X.101| 384 —384 384 —384 -—384 384 64 —64 64 —64 . . 64 —64 . 16 —-16
X.102| 405 405 405 405 405 405 45 45 45 45 21 21 45 45 21 45 45 9 9
X.103| 405 405 405 405 405 405 —27 —27 -—27 —27 21 21 —27 -27 21 45 45 -3 -3
X.104| 405 405 405 405 405 405 —27 —27 —27 —27 21 21 —27 —27 21 —45 —45 —3 -3
X.105| 405 405 405 405 405 405 45 45 45 45 21 21 45 45 21 —45 —45 9 9
X.106| 432 432 —432 —432 . . 96 —96 —96 96 —16 16 . . . . .24 -24
X.107| 432 432 —432 —432 . . —96 96 96 —96 —16 16 . . . . .24 -24
X.108| 480 480 480 480 —480 —480 —32 —32 -—-32 —-32 96 96 32 32 —96 —40 —40 . .
X.109| 480 480 —480 —480 . . 64 —64 —64 64 96 —96 . . . . . 16 —16
X.110| 480 480 480 480 —480 —480 . . . . 96 96 . . —96 . . —16 —16
X.111| 480 —480 480 —480 480 —480 80 —80 80 —80 . . —80 80 . —40 40 8 8
X.112| 480 —480 480 —480 —480 480 —80 80 —80 80 . . —80 80 . —40 40 8 8
X.113| 480 480 480 480 —480 —480 32 32 32 32 96 96 —32 —32 —96 —40 —40
X.114| 480 —480 480 —480 —480 480 —80 80 —80 80 . . —80 80 . 40 —40 8 8
X.115| 480 480 —480 —480 . . —64 64 64 —64 96 —96 . . . . . 16 —-16
X.116| 480 —480 480 —480 480 —480 80 —80 80 —80 . . —80 80 . 40 —40 8 8
X.117| 480 480 480 480 —480 —480 —32 —32 —-32 —-32 96 96 32 32 —96 40 40 . .
X.118| 480 —480 —480 480 . L1120 112 —-112 —112 . . . . . . .24 —-24
X.119| 480 480 480 480 —480 —480 32 32 32 32 96 96 —32—-32 —96 40 40 . .
X.120| 480 —480 —480 480 . . —16 —16 16 16 . . . . . . . —8 8
X.121| 480 480 —480 —480 . . . . . . 96 —96 . . B . —16 16
X.122| 480 480 —480 —480 . . . . . 96 —96 . . . . —16 16
X.123| 540 540 540 540 540 540 60 60 60 60 28 28 60 60 28 —30 —30 —12 —12
X.124| 540 540 540 540 540 540 —84 —84 -84 -84 28 28 —84 -84 28 30 30 12 12
X.125| 540 540 540 540 540 540 —84 —84 —84 —84 28 28 —84 —84 28 —30 —30 12 12
X.126| 540 540 540 540 540 540 60 60 60 60 28 28 60 60 28 30 30-—12-—12
X.127| 640 640 640 640 —640 —640 . . . . 128 128 . . —128 . . .
X.128| 640 —640 —640 640 . . 64 64 —64 —64 . . . . B 32 —32
X.129| 640 640 —640 —640 . . . . . . 128 —128 . . . . .
X.130| 640 640 —640 —640 . . . . . . 128 —128 . . . .
X.131| 720 720 720 720 720 720 —48 —48 —48 —48 —48 —48 —48 —48 —48 .
X.132| 720 720 720 720 720 720 —48 —48 —48 —48 —48 —48 —48 —48 —48 .
X.133| 720 720 720 720 720 720 —48 —48 —48 —48 —48 —48 —48 —48 —48 .
X.134| 720 720 720 720 720 720 —48 —48 —48 —48 —48 —48 —48 —48 —48 .
X.135| 768 —768 —768 768 . . 128 128 —128 —128 . . . . . . .
X.136| 810 810 810 810 810 810 90 90 90 90 42 42 90 90 42 . 18 18
X.137| 810 810 810 810 810 810 18 18 18 18 42 42 18 18 42 . —18 —18
X.138| 810 810 810 810 810 810 —54 —54 —54 —54 42 42 —54 —54 42 . —6 —6
X.139| 810 810 810 810 810 810 18 18 18 18 42 42 18 18 42 . . —18 —18
X.140| 864 864 864 864 —864 —864 96 96 96 96 —32 —32 —96 —96 32 24 24 . .
X.141| 864 864 864 864 —864 —864 —96 —96 —96 —96 —32 —32 96 96 32 —24 —24 . .
X.142| 864 864 864 864 —864 —864 96 96 96 96 —32 —32 —96 —96 32 —24 —24 . .
X.143| 864 864 864 864 —864 —864 —96 —96 —96 —96 —32 —32 96 96 32 24 24 . .
X.144| 960 960 —960 —960 . . —64 64 64 —64 192 —192 . . . . . . .
X.145| 960 960 960 960 960 960 . . . . —64 —64 . —64 . . . .
X.146| 960 960 —960 —960 . . 64 —64 —64 64 192 —192 . . . . . .
X.147| 960 —960 960 —960 960 —960 —96 96 —96 96 . . 96 —96 . 16 16
X.148| 960 —960 —960 960 . —160 —160 160 160 . . . . . . 16 —16
X.149| 960 960 960 960 960 960 . . . . —64 —64 . . —64 . . .
X.150| 960 —960 960 —960 —960 960 96 —96 96 —96 . . 96 —96 . . 16 16
X.151] 960 —960 960 —960 —960 960 —32 32 —32 32 . . =32 32 —40 40 16 16
X.152| 960 —960 960 —960 960 —960 32 —32 32 —32 . . —32 32 —40 40 16 16
X.153] 960 —960 960 —960 —960 960 —32 32 =32 32 . . =32 32 40 —40 16 16
X.154] 960 —960 960 —960 960 —960 32 —32 32 —32 . . —32 32 40 —40 16 16
X.155| 960 —960 —960 960 . 96 96 —96 —96 . . . . . . 16 —16
X.156| 960 —960 —960 960 . . 96 96 —96 —96 . . . . 16 —16
X.157(1024 —1024 1024 —1024 1024 —1024 . . . . . . . —64 64 . .
X.158(1024 —1024 1024 —1024 —1024 1024 . . . . . . —64 64
X.159|1024 —1024 1024 —1024 —1024 1024 . . . . . . . 64 —64
X.160({1024 —1024 1024 —1024 1024 —1024 . . . . . . . 64 —64 . .
X.161{1080 1080 1080 1080 —1080 —1080 48 48 48 48 —40 —40 —48 —48 40 30 30 12 12
X.162(1080 1080 1080 1080 —1080 —1080 —48 —48 —48 —48 —40 —40 48 48 40 30 30 12 12
X.163/1080 1080 1080 1080 1080 1080 —24 —24 —24 —24 56 56 —24 —24 56 —60 —60 . .
X.164/1080 1080 1080 1080 —1080 —1080 —48 —48 —48 —48 —40 —40 48 48 40 —30 —30 12 12
X.165/1080 1080 1080 1080 1080 1080 —24 —24 —24 —24 56 56 —24 —24 56 60 60 . .
X.166{1080 1080 1080 1080 —1080 —1080 48 48 48 48 —40 —40 —48 —48 40 —30 —30 12 12
X.167(1280 —1280 1280 —1280 1280 —1280 128 —128 128 —128 . . —128 128 . . . . .
X.168(1280 —1280 1280 —1280 —1280 1280 —128 128 —128 128 —128 128 .
X.169(1280 —1280 —1280 1280 . —128 —128 128 128 . . .
X.170{1280 —1280 —1280 1280 . . —128 —128 128 128 . . . . . . . . .
X.171{1296 1296 1296 1296 —1296 —1296 . . . . —48 —48 . . 48 36 36 —24 —24
X.172(1296 —1296 1296 —1296 1296 —1296 —T72 72 =72 72 . . 72 -T2 .—36 36 —12—12
X.173[1296 —1296 1296 —1296 —1296 1296 72 =72 72 =72 . . 72 72 .—36 36 —12 —12
X.1741296 1296 1296 1296 —1296 —1296 . . . . —48 —48 . . 48 —36 —36 —24 —24
X.175[1296 —1296 1296 —1296 —1296 1296 72 =72 72 =72 . . 72 =72 36 —36 —12 —12
X.176(1296 —1296 1296 —1296 1296 —1296 —T72 72 =72 72 . 72 =72 36 —36 —12 —12
X.177(1440 —1440 1440 —1440 1440 —1440 48 —48 48 —48 . —48 48 . —24 —24
X.178({1440 —1440 1440 —1440 —1440 1440 —48 48 —48 48 . . —48 48 . —24 —24
X.179(1440 1440 1440 1440 1440 1440 96 96 96 96 —96 —96 96 96 —96 . .
X.180({1440 —1440 —1440 1440 . . —48 —48 48 48 . B . . B —24 24
X.181{1440 —1440 —1440 1440 —48 —48 48 48 . . —24 24
X.182(1728 1728 —1728 —1728 —192 192 192 —192 —64 64 .
X.183[1728 1728 —1728 —1728 192 —192 —192 192 —64 64 .
X.184|1920 —1920 —1920 1920 —64 —64 64 64 . . 32 —32
X.185(2048 —2048 —2048 2048 . . . . . . .
X.186(2160 2160 —2160 —2160 —96 96 96 —96 —80 80 24 —24
X.187|2160 2160 —2160 —2160 96 —96 —96 96 —80 80 24 —24
X.188(2592 —2592 —2592 2592 144 144 —144 —144 . —24 24
X.189(2592 2592 —2592 —2592 . . . . —96 96 —48 48
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Character table of H(2Fiag) (continued)
2 13 13 12 12 13 10 8 9 6 12 11 11 12 11 11 11 11 11 11 10 10 10 10
g 1 1 1 1 . 1 4 3 3 3 % % 1 1 1 1 1 1 1 1 1 1 1
25 20 2u Zv 2w 2a 3a 30 3¢ 4 4o 43 da 4 dg 47 45 9 dig 4114 43 414
2P| Ia 1la 1la 1a 1Ia Ia 3a 3b 3¢ 2a 2b 2b 2a 25 25 25 2k 2k 25 2f 27 2k 2g
3P| 2s 2t 2u 2v 2w 2z la la la 47 49 43 44 45 4¢ 47 4g 49 410 411 412 413 414
5P| 2s 2t 2u 2v 2w 2x 3a 3b 3c 41 49 43 44 45 4 47 48 49 410 411 412 413 414
X.96 . . . . . . —4 1414 . . . . . —16 16 . . . . . .
X.97 . . . . . . —4 14 -4 . .—16 16 . . .
X.98 . . . . . .—=12 12 . 16 —16 —16 . .—16 16 16 .
X.99 . . . . . .—12 12 16 —16 —16 . 16 —16 16 .
X.100 . . . . . .—12 12 —16 16 16 . 16 —16 —16 .
X.101 . . . . . . —12 12 . .—16 16 . 16 .—16 16 —16 . . . .
X.102 9 9 9 9 13 9 . .. —27 45 45 -3 9 -3 -3 9 9 9 -3 -3 -3 -3
X.103| -3 -3 —3 -3 5 =3 . . .—27 45 45 21 -3 -3 -3 -3 -3 -3 -3 -3 -3 -3
X.104f -3 -3 -3 -3 5 3 . .. —27 —45-45 21 3 -3 =3 3 3 3 —3 =3 3 =3
X.105 9 9 9 9 13 -9 . . .—27-45-45 -3 -9 -3 -3 -9 -9 -9 -3 -3 3 -3
X.106|—24 24 . . . . .18 . . . . . . —8 8 . . . . .
X.107|—24 24 . . .18 . . . . 8 -8 . . . . .
X.108 . . . 8 12 -3 . 40 40 . 8 -8 -8 -8 -8 8 . 8 -8 .
X.109|—16 16 . . . —24 . 6 . . . 16 —16 . . . . . . .
X.110/—16 —16 16 16 . —24 . 6 . . . . . . . . . . . .
X.111] -8 -8 8 —8 . —6 12 3 —40 40 . =8 . =8 8 8 —8 . . .
X.112| —8 —8 -8 8 . —6 12 3 40 —40 . 8 . =8 8 -8 . . . 8
X.113 . . . . -8 12 -3 . 40 40 . =8 8 8 8 8 -8 . —8 =8 .
X.114| —8 —8 -8 8 . —6 12 3 —40 40 . =8 . . 8 -8 8 . . . 8
X.115|—16 16 . . . —24 . 6 . . .—16 16 . . . . . . .
X.116| —8 -8 8 —8 . —6 12 3 40 —40 . 8 . . 8 -8 -8 -8 . . .
X.117 . . . . -8 12 -3 . —40 —40 . —8 —8 -8 8 8 —8 .8 8 .
X.118| 24 —24 . . .12 24 . . . . . . . . . .
X.119 . . . . 8 12 -3 . —40 —40 . 8 8 8 —8 -8 8 . =8 8 .
X.120] -8 8 . . . —24 . 6 . . . . . . . . . . .
X.121| 16 —16 . . —24 . 6 . . . . . . . . . .
X.122| 16 —16 . . . . —24 . 6 . . . . . . . . . . .
X.123|—-12 —12 —12 —12 —4 2 . 9 —36 —30 —30 —36 2 4 4 2 2 2 .4 2 .
X.124) 12 12 12 12 -20 -2 . 9 —36 30 30 12 -2 4 4 -2 -2 -2 .4 =2 .
X.125| 12 12 12 12 -20 2 . 9 —36 —30 —30 12 2 4 4 2 2 2 .4 2 .
X.126|—12 —12 —12 —12 —4 -2 . 9 —36 30 30-36 -2 4 4 -2 -2 -2 .4 =2 .
X.127 . . . . . . —8 —-8-8 . . . . . . . . . . . . . .
X.128| 32 —32 . -8 —8 10 . . . . . . . .
X.129 . . . -8 —8 -8 . . . . . . . .
X.130 . —8 —8 -8 . . . . . . . .
X.131 16 -9 .. 48 . —16 . . 24 . —8
X.132 16 -9 . 48 . —16 . . —8 .24
X.133 16 -9 . 48 . —16 . . —8 . =8
X.134 16 -9 .. 48 . —16 . . -8 . —8
X.135 . . . . . —24 24 . . . . . . . . .
X.136] 18 18 18 18 26 . . . . =54 . —6 —6 — . . . —6 —6 . —6
X.137/—18 —18 —18 —18 18 —12 . . . —54 . 18 —-12 —6 —6 —12 —12 —12 6 —6 . 6
X.138) -6 —6 —6 —6 10 . . .. —54 . 42 —6 —6 . . . —6 —6 . —6
X.139|—18 —18 —18 —18 18 12 . . . —54 . 18 12 -6 —6 12 12 12 6 —6 . 6
X.140 . . . . . 8 . 9 . . —24 24 . 8 -8 -8 -8 -8 8 8 —8 .
X.141 . . 8 . 9 . 24 24 . 8 8 8 —8 -8 8 -8 8
X.142 . -8 . 9 . 24 24 . -8 -8 -8 8 8 -8 8 8
X.143 . -8 . 9 . —24 —-24 . =8 8 8 8 8 -8 -8 —8
X.144 . . 24 —6 . . . . .—16 16 . . . .
X.145 . —16 24 —6 . 64 . . 16 . 16 16 16 .
X.146 . . . . . 24 —6 . . . . . 16 —16 . . . .
X.147/—16 —16 16 —16 6 . —6 . . . . 16 .
X.148| 16 —16 . . .—12 24 6 . . . . . . . . . .
X.149 . . . . 16 24 —6 . 64 . . —16 .—16 —16 —16 . .
X.150/—16 —16 —16 16 . 6 . —6 . . . . . . . . . —16
X.151|—16 —16 —16 16 —12 —-12 -3 40 —40 . =8 . 8 -8 8 . .
X.152|—16 —16 16 —16 —12 —-12 -3 —40 40 . 8 . 8 -8 -8 .
X.153|—16 —16 —16 16 —12 —-12 -3 —40 40 . 8 . =8 8 —8 .
X.154|—16 —16 16 —16 —12 —-12 -3 40 —40 . —8 . —8 8 8 .
X.155| 16 —16 . . 6 . —6 . . . . . . . .
X.156| 16 —16 . . 6 . —6 . . . . .
X.157 . . . . 16 —8 4 —64 64 . . . .
X.158 . . . 16 —8 4 64 —64 . . . .
X.159 . . . 16 -8 4 —64 64 . . . .
X.160 . . . . . 16 -8 4 64 —64 . . . . . .
X.161} 12 12 —-12 —12 10 =9 . —30 —30 .o =2 —4 —4 2 2 =2 4 —10
X.162| 12 12 —12 —12 . 2 . =9 . —30 -3 . —10 4 4 10 10 -10 —4 —10
X.163 . . . . —24 4 . =9 . —-72-60—-60—-24 4 8 8 4 4 4 .8 4
X.164| 12 12 —-12 —12 .o =2 . =9 . 30 3 .10 4 4 —-10-10 10 . —4 10
X.165 . . . .—24 —4 . =9 .-=72 60 60-24 —4 8 8 —4 —4 —4 8 —4
X.166| 12 12 —-12 —12 . —10 . =9 . 30 30 . 2 -4 -4 -2 =2 2 4 10
X.167 . . . . . .20 8 —4 . . . . . . . . .
X.168 . . . . 20 8 —4 . . . . . .
X.169 . . . . 20 8 —4 . . . . .
X.170 . . . . . .20 8 —4 . . . . . . .
X.171|—24 —24 24 24 . —12 . . . —36 —36 12 . —12 —12 12 . —12
X.1721 12 12 —-12 12 . . —36 36 —12 . —12 12 12 —12 . .
X.173] 12 12 12 —12 . . 36 —36 12 . .—12 12 —12 .12
X.174|—24 —24 24 24 .12 36 36 —12 . 12 12 —12 12 .
X.175 12 12 12 —12 . . —36 36 —12 . 12 —12 12 . .12
X.176| 12 12 —-12 12 . . . 36 —36 12 . 12 —12 —12 —12 .
X177 24 24 —24 24 . . —18 . . . . . . 8 .
X.178| 24 24 24 —-24 . . —18 . . . —8
X.179 . . . . =32 . —18 96 32 . .
X.180(—24 24 . . —18 . . .
X.181|—24 24 . —18 . . .
X.182 . . . .18 16 —16
X.183 . . . .18 . .—16 16
X.184| 32 —32 . —24 —24 -6 . . .
X.185 . . 32 -16 8 . .
X.186|—24 24 . =18 . 8 -8
X.187|—24 24 . —18 —8 8
X.188[—24 24 . .
X.189| 48 —48
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Character table of H(2Fiag) (continued)

10
1

10
1

10
1

10
1

11

11 9 9 9
.11 1

9
1

9 91010 9 9 9 9 9 9 9 9 9 9 9 8

415

416

417

418

420 421 422 423 424

425 426 427 428 429 430 431 432 433 434 435 436 437 438 439 440

25
415

29
416

2b
417

2f
418

419
2k

419

2r 2q 21

2r

420 421 422 423 424

2q 2n 2n 2q 2r 2q 2k 25 2q 2q 2r 2q 2q 27 2q
495 426 427 428 429 430 431 432 433 434 435 436 437 438 439 440

slsisiaisisisisisisisisiaialeisialalsisislalsisisliaisisisialsisisialaisiolslaisioisiaisioisisisiaisisiaialoisiaiaisisisiniaisisiaiaisisiaiaisisiainiaisisiaiaioisiaisiaiolalaiaiols

415

-8
-8

-8

16

417

418

116

419

16

420 421 422 423 424

9 3 3 -3
13 3 3 -3
9 -3 -3 3
—16

. -8 —8

8 —8

12

-6 6
. —6 —6

L—12

. -8
)

425 426 427 428 429 430 431 432 433 434 435 436 437 438 439 440

-3 3-7-7-1-1-1 1 1-1-1-1-1-1 1-1
-3-3-3-3-3-3-3 5 5 1 1-3 1 1-3 1
-3 3-3-3 3 3 3-5-5 1 1 3 1 1-3 1
-3-3-7-7 1 1 1-1-1-1-1 1-1-1 1-1
. . —4 4 . . . . .4 —4 . —4 4 .
. —4 4 . . . . . —4 4 .4 -4
8 —8

4 . L Lol Ll I -4-4 . 4 4

C—12 . L0l 4 4 -4 —4

3 2 2 2 2 . . 2 . -4
—2-2-2 2 2 | -2 . .
2 -2 -2-2-2 . -2 . -

RFNNS

—6 .2 2 . . . . . -2 =2
6 6 —-2-2 2 2 2 4 4 . . . .
—6 . 10 10 . . . . .22 .2 2 -6 2
6 -6 -2 -2 -2 -2 -2 —4 —4 . . =2 . . 6 .

IS
|
[
RPN
NS
|
'

-8
-8

L —4 .
-4 2 2 . -2

IS

|

NN

IS
|

N

N

N

-4 4-4-2 2 2 2 4 2 2 -2

-6 . .-2-2 2 . .-2 2 2-2 2 -3
-6 . -2 2 2 . . 2-2-2 2-2 .-3
4-4 . 4-4 . 4

. —4 4 . . . . .4 -4 . —4 4
. —4 4 . . . . . —4 4 .4 -4
8 —8
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Character table of H(2Fiag) (continued)

sislsisisisisisialelelsisislsisisioisisialololsisisisisisioisiaisiolsisisisisisisioisiaisisisisinisisisisiaisisiaiaisisiatsisisisiaisisistsisisiniaisisiaiaisisiaiaisislaiaiaiolels

2] 8 4 8 8 8 8 8 8 8 9 9 9 8 8 8 8 8 8 8 8 8 8 6 6 6
g . 1 4 4 4 4 4 4 4 3 3 3 3 3 2 2 2 2 2 2 2 2 3 3 3
441 ba_ 61 63 63 64 65 6Gg 67 68 B9 619 611 612613614 615 616 617 618 619 620 621 622 623
2P| 2q 5a 3a 3a 3a 3a 3a 3a 3a 3b 3b 3b 3b 3b 3a 3a 3a 3a 3a 3a 3a 3a 3¢ 3¢ 3c
3P|441 ba 2d 2e 2e 2a 2d 2¢c 2b 2a 2b 2¢c 2e 2d 2f 2l 2g 202m 2m 2h 2i 2b 2¢ 2a
5P|441 la 65 63 62 64 61 66 67 68 69 610 611 612 613 616 615 614 618 617 619 620 621 622 623
X966 . . F F F —4 F 4 4 14—14—-14 . .-4 G 4 G G G 4-4 4 4 —4
X.97 . . F F F —4 F 4 4 14 —14 —14 . .—4 G 4 G G G 4 -4 4 4 -4
X.98 .—-1-12 12 12 12-12 12 -12-12 12-12-12 12 —4 4 4 4 —4 —4 —4 4 . . .
X.99 .—1 12 -12-12 12 12 12 -12-12 12 -12 12 —12 4 4 —4 4 —4 —4 4 —4 .
100 .—-1-12 12 12 12-12 12-12-12 12-12-12 12 —4 4 4 4 —4 —4 —4 4 .
101 .—1 12 -12-12 12 12 12 -12-12 12 -12 12 —12 4 4 —4 4 —4 —4 4 —4 .
102 —1 . . . . . . . . . . . . . . . . . .
103 1 . . .
104 1 . . .
105| —1 . . .
106 2 18 —18 —18 . .
107 .2 . . . . . . . 18 —-18 —18 . . . . . . . . .
108 . . —-12-12-12 12-12 12 12 -3 -3 -3 3 3 4 —4 4 —4 —4 —4 4 4 .
109 . . . . . —24 .24 24 . . . . . —8 .8 . . . 8 -8 —6 —6 6
110 . .24 24 24 -24 24 —-24—-24 . . . . . . . . . . . . 6 6 6
111 . . —6 6 6 6 —6 6 —6-—-12 12-12-12 12 2 -2 —2 -2 2 2 2 —2 3 -3 -3
112 . . 6 —6 —6 6 6 6 —6-—-12 12-12 12-12 -2 -2 2 -2 2 2 -2 2 3 -3 -3
113 . . —12-12-12 12-12 12 12 -3 -3 -3 3 3 -4 4 -4 4 4 4 -4 -4 . . .
114 . . 6 —6 —6 6 6 6 —6-—-12 12-12 12-12 -2 -2 2 -2 2 2 —2 2 3 -3 -3
115 —24 24 24 . . 8 —8 .—8 8 —6 —6 6
116 . . —6 6 6 6 —6 6 —6—-12 12-12-12 12 2 -2 —2 -2 2 2 2 —2 3 -3 -3
117 . . —-12-12-12 12 -12 12 12 -3 —3 -3 3 3 4 —4 4 —4 —4 —4 4 4 . . .
118 . . . . . —12 .12 -12 —-24 —24 24 . .4 .4 . . . —4 —4
119 . . —-12-12-12 12-12 12 12 -3 -3 -3 3 3 —4 4 —4 4 4 4 —4 —4
120 . . . . .24 . —24 24 . 8 .8 . . .—8 -8 —6 6 —6
121 —24 24 24 H H H H -6 -6 6
122 . —24 .24 24 . . . H H H H —6 —6 6
123 . . . 9 9 9 9 9 . . .
124 . . 9 9 9 9 9
125 . . 9 9 9 9 9
126 . . 9 9 9 9 9 . . .
127 8 8 8 —8 8 -8 -8 -8 —8 -8 8 8 . . . . . . . . —8 —8 -8
128 . . 8 . =8 8 8 8 —8 . —8 . —8 . . . 8 &8-—10 10 -10
129 I I I -8 I 8 8 -8 8 8 g8 8 —8
130 I I I -8 I 8 8 —8 8 8 . . . . . . . 8 8 -8
131 -9 -9 -9 -9 -9 -9 —9 . . . 3 3 3 3 3 3 3 3 . .
132 -9 -9 -9 -9 -9 -9 —9 . 3 3 3 3 3 3 3 3 .
133 -9 -9 -9 -9 -9 -9 -9 . 3 3 3 3 3 3 3 3 .
134 . . -9 -9 -9 -9 -9 -9 -9 . . . . 3 3 3 3 3 3 3 3 .
135 =2 . . .24 . —24 24 —24 -24 24 . 8 .8 . . . —8 =8 .
136/ —2 . . . . . . . . . . . . . . . . .
137 . . . . . . .
138 2 . . . . . . . .
139 . . . . . . . .
140 —1 . 9 9 9 —9 -9 . . .
141 —1 . 9 9 9 -9 -9 . . .
142 —1 . 9 9 9 —9 -9 . . .
143 -1 . 9 9 9 —9 -9 . . .
144 24 —24 —24 -6 6 6 . 8 -8 . —8 8 .
145 24 24 24 24 24 24 24 -6 —6 —6 —6 —6 . . . .
146 24 —24 —24 —6 6 6 . —8 8 . 8 =8 .
147 6 —6 —6 —6 6 —6 6 . . . 6 -6 -6 -6 6 6 6—-6 —6 6 6
148 12 —12 12 —-24 —24 24 —4 —4 B 4 4 —6 6 —6
149 . .24 24 24 24 24 24 24 —6 — —6 —6 —6 . . . . .
150 . . —6 6 6 —6 —6 —6 6 . . . . .—-6-6 6-6 6 6—-6 6 —6 6 6
151 . 12 —-12-12 12 12 12-12 12-12 12-12 12 4 4 —4 4 —4 —4 4 —4 -3 3 3
152 —-12 12 12 12-12 12-12 12-12 12 12-12 —4 4 4 4 —4 —4 —4 4 -3 3 3
153 . .12 -12-12 12 12 12-12 12-12 12-12 12 4 4 —4 4 —4 —4 4 —4 -3 3 3
154 . .—12 12 12 12-12 12-12 12-12 12 12-12 -4 4 4 4 -4 -4 -4 4 -3 3 3
155 K K K -6 K 6 —6 . . -6 B—-6 B B B 6 6 6 -6 6
156 K K K -6 —6 . . .—6 B—-6 B B B 6 6 6 —6 6
157 —1 16 —-16 —16 —16 16 —16 16 8 —8 8 8 -8 . . . . . 4 —4 —4
158 —1—-16 16 16 —16 —16 —16 16 8 —8 8 —8 8 . . . . . 4 —4 —4
159 —1—-16 16 16 —16 —16 —16 16 8 —8 8 —8 8 . . . . . 4 —4 —4
160 —1 16 —16 —16 —16 16 —16 16 8 —8 8 8 —8 . . . . . 4 —4 —4
161 2 . -9 -9 -9 9 9 . . . . . . .
162 —2 . . -9 -9 -9 9 9 . . . .
163 . . . . . . . . .. -9 -9 -9 -9 -9 . . . .
164 -2 . . . . . . . . =9 -9 -9 9 9 . . . .
165 . . . . . . . . .. -9 -9 -9 -9 -9 . . . .
166/ 2 . . . . . . . . -9 -9 -9 9 9 . . . . . . . . . .
167 . . 20—-20-20-20 20-—-20 20 -8 8 —8 -8 8 —4 4 4 4 -4 -4 -4 4 —4 4 4
168 . .—20 20 20-20-20-20 20 -8 8 —8 8 -8 4 4 -4 4 —-4-4 4-4 —4 4 4
169 F F F-20 F 20-20 -8 -8 8 4 G 4 G G G -4 —4 4 —4 4
170 . . F F F —20 F 20-20 —8 -8 8 4 G 4 G G G -4 -4 4 —4 4
171 .1 . . . . . . . . . . . . . . . . .
172 2 1 . .
173 2 1 . .
174 .1 . .
1751 2 1 . .
176 2 1 . . . . . . . . . . . . . . . . . .
177 —4 . —18 18 18 18 —18 18 —18 . . . . . 6 -6 -6 -6 6 6 6 —6
178| —4 18 —-18 —18 18 18 18 —18 . . . . .—6 -6 6—-6 6 6—-6 6
179 . .—18 —18 —18 —18 —18 —18 —18 . . . . .—6 -6 -6 -6 -6 —6 —6 —6
18| . . K K K 18 K—-18 18 . . . . .-6 A—-6 A A A 6 6
181 . . K K 18 K —18 18 . . . . .—-6 A-6 A A A 6 6
182 =2 . . . . . . . 18 —-18 —18 . . . . . . .
183 ] . . . . . . . 18 —-18 —18 . . . . . . . . . . . . .
184 . . . . .24 .—24 24 24 24 -24 . .8 .8 . . . —8 -8 6 —6 6
185 . =2 . . . —32 . 32-32 16 16 —16 . . . . . . . . . . —8 8 -8
186 . . . . . . . . .—18 18 18 . . . . . . . . . . . . .
187 .—18 18 18
188 2 .
189 2 .
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Character table of H(2Fiag) (continued)

2007 7 v 7 5 5 8 8 6 6 6 6 7 5 5 5 5 5 5 5 5 6 6 6 6 4 4
?) 2 2 2 2 3 3 1 1 2 2 2 2 1 2 2 2 2 2 2 2 2 1 1 1 1 2 2
624 625 626 627 628 629 639 631 632 633 634 635 636 637 638 639 640 641 642 643 644 645 646 647 648 649 650
2P 3b 3b 3b 3b 3c 3c b 3b 3b 3b 3b ¢ 3c 3¢ 3¢ 3¢ 3¢ 3¢ 3¢ 3¢ 3¢ 3¢ 3¢ 3¢ 3¢
3P| 2f 2h 2g 2i 2d 2e 2j 2k2m 20 2p 2l 2n 2f2m 2l 2i2m 2g 2l 2h 2q 2r 2s 2t 20 2p
5P[624 625 626 627 628 629 630 631 632 633 634 635 636 637 641 643 640 638 642 639 644 645 646 647 648 649 650
X.96] 2 —2 -2 2 . -2 2 . . . . . 2 B B 2 B -2 B -2 . . . . . .
X971 2 -2 -2 2 . =2 2 . . . . 2 B B 2 B -2 B -2 . . . . . .
X.98 2 2 -2 -2 . . . L2 -2 2 =2 L2 2 -2-2 2-2-2 2 . . . -2 2
X.99| -2 —2 2 2 . 2 2 -2 =2 . =2 2 -2 2 2 2 -2 =2 . . . . 2 -2
X.100f 2 2 —2 —2 . 2 2 -2 -2 L2 2 -2-2 2-2-2 2 . . . .2 =2
X.101| -2 —2 2 2 . 2 -2 2 -2 . =2 2 -2 2 2 2 -2 =2 . . . ] 2
X.103 . . . . . . . . . . . . . .
X.104 . . . . . . . . . . . . . .
X.105 . . . . . . . . . . . . . . . .
X.106| 6 —6 —6 6 . 2 -2 . . . . . . . . . . . .
X.1071—-6 6 6 —6 . 2 =2 . . . . . . . . . . . .
X.108 1 1 1 1 . -3 -3 -1-1 -1 -1 3 -2 2 2 -2 2 -2 2 -2 . . . . 2 2
X.109] 4 —4 —4 4 . . . . —2 . . =2 .2 . 2 -2 2 2 -2 .
X.110 . . . —6 —6 . . . . . . . . . . . . 2 2 2 2 . .
X.111 2 2 -2 -2 3 -3 2 2 -2 -2 -1 -1 1 1 -1 1 1 -1 -1 -1 1 1 -1 1
X.112/-2 -2 2 2 -3 3 2 2 -2 -2 1 -1 1 -1-1 -1 1 1 -1 -1 1 1 -1 1
X.113| -1 —1 —1 —1 -3 -3 1 -1-1 1 3 2-2-2 2-2 2-2 2 . . . .22
X.114{ -2 -2 2 2 -3 3 2 -2 2 -2 . 1 -1 1 -1-1-1 1 1 -1 -1 1 1 1 -1
X.115| -4 4 4 —4 . . . . . 2 . . 2 . =2 =2 =2 2 2 -2 .
X.116| 2 2 -2 -2 3 -3 . .2 -2 2 =2 -1 -1 1 1 -1 1 1 -1 -1 -1 1 1 1 -1
X.117 1 1 1 1 . . -3 -3 -1 1 1 -1 3 -2 2 2 -2 2 -2 2 -2 . . . =2 =2
X.118] 4 —4 4 —4 . . . . . . . . .4 . . —4 .4 . —4 . . . . .
X.119| -1 -1 -1 —1 . . —3 =3 1 1 1 1 3 2 -2 =2 2 -2 2 -2 2 . . . . =2 =2
X.120f 8 —8 8 —8 . . . . . . . .2 Lo =2 L2 -2 -2 2 -2 2 . .
X.121 B B B B 2 -2 -2 2
X.122 . . . . . . . . . . . B B . B . B . 2 -2 =2 2 .
X.123| -3 —3 -3 -3 . . 1 1-3 3 3-3 1 . . . . . . . . . . . . .
X.124| -3 -3 -3 -3 . . 1 1 -3-3-3-3 1 . . . . . . . . . . . .
X.125| -3 -3 -3 -3 . . 1 1-3 3 3-3 1 . . . . . . . . . . . .
X.126| -3 —3 -3 -3 . . 1 1 -3-3-3-3 1 . . . . . . . . . . . .
X.127 . . . . 8 8 8 8 . . —8 . . . . . . . . . . . .
X.128] 4 —4 4 —4 . . . . . —2 . .2 . —2 . 2 2 -2 2 -2 .
X.129 . 8 —8 . . . . . . . . . . . . .
X.130 . 8 -8 . . . . . . . . . . . .
X.131 . . . . . . . . . . . . . . .
X.132 . . . . . . . . . . . . . .
X.133 . . . . . . . . . . . . . .
X.134 . . . . . . . . . . . . . .
X.135|—4 4 —4 4 . —4 . .4 . —4 .4 . . . .
X.136 . . . B . . . . . . . . . . .
X.137 . . . . . . . . . . . . . . .
X.138 . . . . . . . . . . . . . . .
X.140{ -3 —3 -3 -3 1 1 3 3 3 3-1 . . . . . . . . . . . .
X.141] 3 3 3 3 1 1 -3-3-3-3-1 . . . . . . . . . . . .
X.142| -3 -3 -3 -3 1 1 3-3-3 3 -1 . . . . . . . . . . . .
X.143 3 3 3 3 1 1 -3 3 3 -3 -1 . . . . . . . . . . . .
X.144| 2 -2 -2 2 —6 6 . . . —4 . . —4 .4 .4 . . . .
X.145 . . 2 2 . . 2 . . . . . . . . . . . .
X.146| -2 2 2 —2 —6 6 . . .4 . .4 . —4 . —4 . . . . .
X.147 . . —6 6 . . . . . . . . . . . . =2 =2 2 2 .
X.148| -4 4 —4 4 . . . 2 . =2 .2 -2 -2 2 -2 2 .
X.149 . . 2 2 . . 2 . . . . . . . . . . . . .
X.150 . 6 —6 . . . . . . . . . . -2 -2 2 2 .
X.151| -2 -2 2 2 3 -3 2 2 -2 -2 1 -1 1 -1-1-1 1 1 1 1 -1 -1 -1 1
X.152 2 2 -2 -2 -3 3 2 2 -2 =2 -1 —1 1 1 -1 1 1 -1 1 1 -1 -1 -1 1
X.153| -2 -2 2 2 3 -3 2 -2 2 -2 1 -1 1 -1-1-1 1 1 1 1 -1 -1 1 -1
X.154 2 2 -2 -2 -3 3 2 -2 2 -2 -1 -1 1 1 -1 1 1 -1 1 1 -1 -1 1 -1
X.155 B B B B —2 2-2 2
X.156 . . . . . . . B B . B . B -2 2 -2 2 .
X.157 . . 4 —4 . —4 4 . . . . . . . . . . . . . 2 -2
X.158 . . —4 4 . —4 4 . . . . . . . . 2 -2
X.159 . . —4 4 . 4 —4 . . . . . . . . ] 2
X.160 . . 4 —4 . 4 -4 . . . . . . . . -2 2
X.161f 3 3 3 3 .-1-1-3-3-3-3 1 . . . . . . . .
X.162| -3 —3 —3 -3 -1 -1 3-3-3 3 1 . . . . . .
X.163] 3 3 3 3 -1 -1 3-3-3 3 -1 . . . . . .
X.164| -3 —3 -3 -3 -1 —1 3 3 3 3 1 B . . . . .
X.165 3 3 3 3 -1-1 3 3 3 3 -1 . . . . . .
X.166/ 3 3 3 3 . .-1-1-3 3 3-3 1 . . . . . . . .
X.167|—4 —4 4 4 —4 4 . . —4 4 L2 2 -2-2 2-2-2 2
X.168 4 4 —4 —4 4 —4 . . —4 4 . =2 2 -2 2 2 2 -2 =2
X.169] 4 —4 4 —4 .—-2 B B 2 B-2 B 2
X.170| 4 —4 4 —4 . .—-2 B B 2 B -2 B 2 . . .
X.171 . . . . . . . . . . . . . . .
X.172 . . . . . . . .
X.173 . . . . . . . .
X.174 . . . . . . . .
X.175 . . . . . . . .
X.176 . . . . . . . .
X.177 . . . . . . . .
X.178 . . . . . . . .
X.179 . . . . . . . .
X.180 . . . . . . . .
X.181 . . . . . . . . . . . .
X.182| 6 —6 —6 6 2 =2 . . . . . . .
X.183| -6 6 6 —6 2 -2 . . . . . . .
X.184| -4 4 —4 4 . . 2 —2 2 -2 2 -2 2 -2
X.185 . . . . . . . . . . . . . . .
X.186|—-6 6 6 —6 . -2 02
X.187 6 —6 —6 6 . . =2 2
X.188 . . . . . . . .
X.189
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Character table of H(2Fiag) (continued)

5 5
1 1

5
1

77
11

7

T v 7 7 6 6 6 6 6 6 6

3 4
2

4
1

4 3 3 3 3 7
. . . . .2
1 1 1 1 1

87

7
2

651 652 653

Sa 8b 8c 8d B¢ 8] 8y Bh B8i 8 8k Bl

Sm Bn

!
9a 10a 10

b T0c 104 T0e T0F 109 12; 125

3c 3b
2u 2z

3c
2v

44
8a 8b

44
8c

420 420 420 420 411 411 416 419 427 427 416
8d 8e 8f 8g 8h 8: 85 8k 8l 8m 8n

9a 5a 5a 5a 5a 5a 5a b5a 6g 63
3a 10a 10b 10c 10d 10e 10f 10g 41

9a

4y
129

2 2 e D 4 2 D 4 D 4 e

651 652 653

-2
-1

—1

8a_ 8b

-2 -2

L—2-2

2 2

8c

B e =

8d 8e 8f 8g 8h 8i 8j 8k 8l 8m 8n

=1

-1

3-1 3 3-1-1-1-1-1-1-1

1-3 1 1 1 1 1 1 1 1

-3-1-3-1-1-1-1-1 1 1-1
3 1 3-3 1 1 1 1-1-1 1
. . . . . -2 2

2 -2

L -2
. =2

-2 2
2 -2

-2 2
2 -2

. -1
-1
-1
=1

)
-2

[

CNN. .

2b 2a 2c 20 2d 2p 2e12;
. . . . . . 6 —6

LREEE.

L e

—1
-1

—1

. . . . . 6
1 1-1 -1 1
1 -1 1 1 -1
1 -1-1 1 1
1 1 1 -1 -1

L -6
. -3

-1 1 1
—1

CRRRRL L

CWWWWW. - e e e e e e

—6
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Character table of H(2Fiag) (continued)

2l 5 6 6 6 6 6 6 6 6 6 4 4 5 5 5 5 5 5 5 5 5 5
3 3 2 2 2 1 1 1 1 1 1 2 2 1 1 1 1 1 1 1 1 1 1

123 124 125 126 127 128 129 1270 1211 1212 1213 1214 1215 1216 1217 1218 1219 1220 1221 1223 1253 1254
2P[ 64 69 69 65630630 630 631 631 630 621 621 613 630 614 631 614 615 630 64 616 Oie
3P| 41 43 49 4y 45 4 47 4y 9 410 2 3 411 412 4oz 413 4o5 414 415 44 425 423
5P|123 124 125 125 127 12g 129 1275 1277 1275 1273 1274 1275 1275 1254 1275 1253 1255 1257 1255 1279 1277
. . . . . 2 =2 . . . . . . . . . . . . . .
x.97 . . . . . 2-2 . . . . .
X.98 . 2 -2 . 2 . . 2 -2 -2 -2 2
x99 . 2-2 . 2 . . -2 2 -2 -2 2
100 . =2 2 . =2 . . =2 2 2 2 =2
101 . -2 2 . -2 . . 2 -2 2 2 -2

—2

H
S
3
RN

—4

13 . 1 1 3 1-1-1 -1 -1 1 —2 -2 . 1 . 1 . . -1
: L-2 2 -2 2 -1 1 . L2
e . 2-2 . 2 . . 2 -2 -2 1 -1 -2 . S

N T
LR L
LR, L

N ==
G =
[
|
. — e e e e e s e
GG
GG

LW, v e e e e e e e e e

3 -1 1 1 1 1 -1 . . . -1 . 1 . . -1

=
'S
™)

L Www

L Www

1-1-1 -1 -1 1 . . T L1 . Sl
.. o2-—2 . . .
-3 -2 -2 -3

V. WWwWww
-
. [ e
-
|
-
|
-
-
|
-
|
-
-

s .. .. ..o L. . . . .-
6 .. . . . . . . . . . . . .-C

.QQL L L.
.QQ. ..
J

o

o

@

|

w

|

w

w
L L T

|

-

|

-

-

-

e

|

-

-

—
(=}
[
|
.w
|
w
|
w
|1
|
—
|
R,
—
—
|1

%
S
CQQL L
|
Q
|
Q

B¢ e ¢ R R R R R e e i R R R R R R R e e e e i R R 3 R R e e e e e e
5
|
g}
|
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Character table of H(2Fiag) (continued)

5 5 5 4 4 4 4
1 1 1 1 1 1 1

5 5 3 3 3 3 3 3 3 3
. .02 02 2 2 2 2 2 .
1

3 4 4
.11
1

T955 1256 1257 1225 1220 1230 1231

T6a 165 18a 185 18c 18d 18¢ 187 189 20a

305 24a 245

69 615 613 646 6a5 Oap 645
417 416 418 421 422 424 426

8c 8c 9a 9a
16a 16b 69 61 67 64 20a

9a 9a 9a 9a 9a 10a 10a 127 125

20b 8a 8b

B e e e i R 3 3 4 B e e e e e i i R R R R 3 3 3 4 1 e e e e e e e e i i i i 3
=
IS

where A =

1295 1296 1297 1298 12599 1230 1237

|
w
LR HEW.

L1 -1
L1 -1

63 66 65
16b 16a 18c 18e 18a 18d 18b 18f 18g 4o
D DD 1 D I -1 .
D D D 1 D 1 -1

11

|

eliv]
. oo
o}

D -1 D
D -1 D

N

-1 1
—1
—1
-1 1

—1
-1 1
—1

—1
—1

|
OO0k~ o
|
L
I
PR

2 . -2 -2

43 24a 24b

-1
-1

89

—12¢(3)3 —6,B = 4¢(3)5 +2,C = 2¢(3)3+2,D = 2¢(3)3 + 1, E = —2((8)3 —2¢(8)s, F =
—24((3)3—12,G = —8((3)3—4, H = —16¢(3)3—8, I = —48((3)3—24, J = 4¢(3)3+1, K = —36((3)3—18.
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B.5. Character table of D(2Fiss) = Do = (p2,q2) = (p1,q1)

2] 18 18 18 18 17 17 16 16 16 16 17 17 15 15 16 13 13 13 13 14 14 12

3 1 1 1 1 1 1 1 1 1 1 . . 1 1 . 1 1 1 . . 1

50 1 1 1 1 1 1 . . . . . . . . . . . .
Ta 2, 25 23 24 25 2¢ 27 28 29 210 211 2312 213 2314 215 216 217 218 219 220 221

2P Ta Ia TIa Ia Ta Ta Ia Ta TIa Ia 1a la la la 1la 1la la la la 1la la la
3P| la 27 22 23 24 25 26 27 28 29 210 211 212 213 214 215 216 217 218 219 220 221
5P| la 27 23 23 24 25 26 27 28 29 210 211 212 213 214 215 216 217 218 219 220 221
X1 T I T I 1 T 1 T I T I T I T I T I T I 1
X.2 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
X.3| 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4
X4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4
X.5| 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5
X.6] 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5
X.71 5 5 5 5 5 5 -3 -3 -3 -3 5 5 —3 —3 1 1 1 1 5 5 1
X.8 5 5 5 5 5 5 -3 -3 -3 -3 5 5 -3 -3 1 1 1 1 5 5 1
X.9] 6 6 6 6 6 [ 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6
100 10 10 10 10 10 10 2 2 2 2 10 10 2 2 -2 -2 -2 -2 10 10 -2
11} 10 10 10 10 10 10 2 2 2 2 10 10 2 2 -2 -2 -2 -2 10 10 -2
12 10 10 10 10 10 10 2 2 2 2 10 10 2 2 -2 -2 -2 -2 10 10 -2
13| 10 10 10 10 10 10 2 2 2 2 10 10 2 2 -2 -2 -2 -2 10 10 -2

[
=
=
ot
=
ot
=
ot
=
ot
=
ot
=
ot
|
©
|
©
| el L ==
WRXXUMIUTOOOOUTTTOLOD

311 30 30 30 30 30 30 6 6 -2 —6

30 30 6 30 -6 —6 —6 —6 —2 —6
33| 30 30 30 30 30 30 —18 —18 —18 —1 30 30 —18 30 6 6 6 6 -2 6
34| 30 30 30 30 30 30 30 30 3 3 30 30 30 30 30 30 30 30 -2 30
35/ 30 30 30 30 30 30 6 6 6 30 30 6 30 -6 —6 —6 —6 -2 —6

w
N
w
o
w
(=)
w
o
w
o
w
o
o w
. o
=]
(=]
DO XD

20

20

-2

-2

-2

-2

-2
36| 30 30 30 30 30 30 6 6 6 30 30 6 30 -6 -6 -6 —6 —2 —2 —6
37| 32 -32 —-32 32 . 16 —16 16 —16 . . =8 8 8 -8 . . .
38| 40 40 40 40 —40 —40—-16 —16 —16 —16 8 8 16 16 -8 4 4 4 4 8 8 —4
39| 40 40 40 40 —40 —40-16 —16 —16 —16 8 8 16 16 -8 4 4 4 4 8 8 —4
40| 40 40 40 40 —40 —40-16—16 —16 —16 8 8 16 16 -8 4 4 4 4 8 8 —4
411 40 40 40 40 —40 —40—-16 —16 —16 —16 8 8 16 16 -8 4 4 4 4 8 8 —4
421 40 40 40 40 —40 —40 16 16 16 16 8 8 —-16 —16 —8 4 4 4 4 8 8 —4
43| 40 40 40 40 —40 —40 16 16 16 16 8 8 -16 —16 —8 4 4 4 4 8 8 —4
441 40 40 40 40 —40 —40 16 16 16 16 8 8 -16 —16 —8 4 4 4 4 8 8 —4
45| 40 40 40 40 —40 —40 16 16 16 16 8 8 —-16 —16 —8 4 4 4 4 8 8 —4
46| 60 60 60 60 60 60 12 12 12 12 60 60 12 12 60—-12—-12—-12—-12 —4 —4 —12
47/ 60 60 60 60 60 60 12 12 12 12 60 60 12 12 60—-12—-12—-12—-12 —4 —4 —12
48| 60 60 60 60 60 60 —36 —36 —36 —36 60 60 —-36—-36 60 12 12 12 12 —4 —4 12
49/ 60 60 60 60 60 60 —36 —36 —36 —36 60 60 —-36-36 60 12 12 12 12 —4 —4 12
50/ 60 60 60 60 60 60 12 12 12 12 60 60 12 12 60—-12-12-12—-12 —4 —4 —12
60 60 12 12 60 —12-—-12—-12 —-12 —4 —4 —12
52| 64 —64 64 —64 —64 64 32 32 -32-32 . —32 32 . 16 16 —16 —16 . —16

56| 80 80 80 80 —80 —80—32-32-32-32 16 16 32 32-16 8 8 8 8 16 16 —8
5880 80 80 80 -8 -8 . . . . 16 16 . .-16 -8 —8 -8 —8 16 16 8

60| 80 —80 80 —80 80 —80 —40 —40 40 40 . . —40 40 . 20 20-20-20 . .20

.61 80 80 80 80 —80 —80 32 32 32 32 16 16 —32—32-16 8 8 8 8 16 16 -8

62| 80 —80 80 —80 80 —80 24 24 -—24-24 . .24 24 . 4 4 —4 —4 . . 4

63| 80 —80 80 —80 —80 80 —24 —24 24 24 24 —24 4 4 —4 —4 . . —4

64| 80 80 —80 —80 . . 32-32-32 32-16 16 . . . =8 8 -8 8 —16 16 .

.65 80 80 80 80 —80 —80 32 32 32 32 16 16 —32 -—32—-16 8 8 8 8 16 16 —8

66| 80 —80 80 —80 —80 80 40 40 —40 —40 . . —40 40 . 20 20—-20-20 . . —20

67| 80 80 —80 —80 .—32 32 32-32-16 16 . -8 8 -8 8 —16 16

68| 80 —80 80 —80 —80 80 —24 —24 24 24 . .24 -24 . 4 4 —4 —4 . . —4

.69/ 80 80 80 80 —80 -—80 . . . . 16 16 . .—16 -8 -8 -8 -8 16 16 8

70| 80 80 —80 —80 . .—32 32 32-32-16 16 . . . =8 8 -8 8 —16 16 .

.71/ 80 80 80 80 —80 —80-32-32-32-32 16 16 32 32-16 8 8 8 8 16 16 —8 —
.72| 80 —80 80 —80 80 —80 —40 —40 40 40 . . —40 40 . 20 20 -—20-20 . 20 —20
73| 80 80 —80 —80 . . 32-32-32 32-16 16 . . . —8 8 —8 8 —16 16 . .
74| 96 —96 96 —96 96 —96 —48 —48 48 48 . . —48 48 .24 24 -24 -24 . 24 —24
.75 96 —96 96 —96 —96 96 48 48 —48 —48 . . —48 48 .24 24 -24-24 .—24 24
76| 96 96 96 96 —96 —96 . . . —32 -32 . .32 . . . . .
771 96 96 96 96 —96 —96 —32 —32 32 .

78 96 96 96 96 —96 —96 —32 —32 32

791 96 96 96 96 —96 —96 . . . . —32 —-32 . .32 . . . .

.80 96 —96 —96 96 . . 48 —48 48 —48 . . . . .—24 24 24 -24

.81 96 —96 —96 96 48 —48 48 —48 . . . . .—24 24 24 -24

'82|120 120 120 120 —120 —120 48 48 48 48 24 24 —48 —48 —24 12 12 12 12 —8 —8§—12—12

.83(120 120 120 120 120 120 24 24 24 24 —8 —8 24 24 -8 . . . . 8

'84/120 120 120 120 —120 —120 —48 —48 —48 —48 24 24 48 48 —24 12 12 12 12 —8 —8—12—12

.85(120 120 120 120 120 120 24 24 24 24 -8 —8 24 24 -8 . . . . 8 8 . .
.86(120 120 120 120 —120 —120 48 48 48 48 24 24 —48 —48-24 12 12 12 12 -8 -8 -—12-12
.87(120 120 120 120 120 120 —24 —24 —24 —24 -8 —8 —24 —24 -8 . . . . 8 8 . .
.88(120 120 120 120 120 120 —24 —24 —24 —24 —8 —8 —24 —24 -8 . . . . 8 8 . .
.89(120 120 120 120 —120 —120 —48 —48 —48 —48 24 24 48 48 -24 12 12 12 12 -8 —8—12—12
.90(120 120 120 120 120 120 24 24 24 24 —8 —8 24 24 -8 . . . . —8 =8 . .
.91(120 120 120 120 120 120 24 24 24 24 -8 —8 24 24 -8 . . . . —8 =8
.92(120 120 120 120 120 120 24 24 24 24 —8 —8 24 24 -8 . . . . 8

slslslslsleislsisisisisisisisidsisissssissdsssdsisssdsisissssislsssdddssddssiussisisissssisssstdssscsssisisiaisisisiaiais
G ;
2
g
2
g
g
2
IS
I
IS
I

8 . .
193|120 120 120 120 —120 —120 —48 —48 —48 —48 24 24 48 48 —-24 12 12 12 12 -8 —8—12—12




91

REPRESENTATION THEORETIC EXISTENCE PROOF FOR FISCHER GROUP Fig3

Character table of D(2Fiz) (continued)
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Character table of D(2Fizg) (continued)
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Character table of D(2Fiz) (continued)
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Character table of D(2Fiz) (continued)
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Character table of D(2Fizg) (continued)

2| 18 18 18 18 17 17 16 16 16 16 17 17 15 15 16 13 13 13 13 14 14
3 1 1 1 1 1 1 1 1 1 1 . 1 1 1 1 1 1 .
50 1 1 1 1 1 1 . . . . . . . . . .

Ta 2y 25 23 24 25 26 27 28 29 210 211 212 213 214 215 216 217 218 219 220
2P| Ta Ta Ta Ta Ta Ta Ia TIa Ia TIa Ta Ia Ia la la Ia Ia lIa la la 1la
3P| la 27 22 23 24 25 26 27 28 29 210 211 212 213 214 215 216 217 218 219 220
5P| la 27 29 23 24 25 2¢ 27 28 29 219 211 212 213 214 215 216 217 218 219 220

X.94|120 120 120 120 —120 —120 48 48 48 48 24 24 —48 —48 =24 12 12 12 12 — —
X.95(120 120 120 120 120 120 24 24 24 24 —8 —8 24 24 -8 . . . . —8 -8
X.96(120 120 120 120 120 120 24 24 24 24 —-8 —8 24 24 -8 . . . . —8 -8
X.97|120 120 120 120 —120 —120 —48 —48 —48 —48 24 24 48 48 —24 12 12 12 12 -8 -8
X.98(120 120 120 120 120 120 —24 —24 —24 -—-24 —8 —8—24-24 -8 . . . . 8 8
X.99(120 120 120 120 —120 —120 48 48 48 48 24 24 —48 —48 —24 12 12 12 12 -8 -8
X.100(120 120 120 120 120 120 24 24 24 24 -8 —8 24 24 -8 . . . . 8 8
X.101|120 120 120 120 120 120 —24 —24 —24 —24 —8 —8-—24-24 -8 . . 8 8
X.102{128 —128 —128 128 . 64 —64 64 —64 . . . .—32 32 32-32
X.103[160 —160 160 —160 160 —160 —16 —16 16 16 —16 16 —8 -8 8 8
X.104[160 —160 160 —160 —160 160 16 16 —16 —16 —16 16 -8 -8 8 8
X.105(160 —160 —160 160 . 80 —80 80 —80 . . —40 40 40 —40
X.106(160 —160 160 —160 —160 160 16 16 —16 —16 —16 16 —8 —8 8 8
X.107[160 —160 160 —160 160 —160 48 48 —48 —48 48 —48 8 8 —8 -8
X.108[160 —160 160 —160 160 —160 —16 —16 16 16 —16 16 —8 -8 8 8
X.109(160 —160 160 —160 160 —160 —16 —16 16 16 —16 16 —8 -8 8 8
X.110/160 —160 160 —160 —160 160 16 16 —16 —16 . .—16 16 -8 -8 8 8 . .
X.111{160 160 —160 —160 . 64 —64 —64 64 —32 32 . . —16 16 —16 16 —32 32
X.112{160 —160 160 —160 —160 160 16 16 —16 —16 . .—16 16 —8 -8 8 8 . .
X.113[160 160 —160 —160 . . . . . . =32 32 B . 6 —-16 16 —16 —32 32
X.114{160 160 160 160 —160 —160 . . . . 32 32 . .—32—-16 —16 —16 —16 32 32
X.115[160 —160 —160 160 . . —48 48 —48 48 . . . . . —8 8 8 —8 . .
X.116(160 —160 160 —160 160 —160 —16 —16 16 16 .—16 16 . —8 -8 8 8
X.117[]160 —160 160 —160 —160 160 —48 —48 48 48 . 48 —48 . 8 8 —8 -8 . .
X.118[160 160 —160 —160 . —64 64 64 —64 —32 32 . . .—16 16 —16 16 —32 32
X.119(160 —160 —160 160 —48 48 —48 48 . . . =8 8 8 -8 . .
X.120(160 —160 —160 160 —48 48 —48 48 . . . =8 8 8 — .
X.121{160 160 —160 —160 . . . —32 32 . 16 -16 16 —16 —32 32
X.122(160 160 —160 —160 . —32 32 . 16 —-16 16 —16 —32 32
X.123[192 192 —192 —192 . 64 —64 . . . .
X.124[192 192 —192 —192 . . 64 —64 . . . . . .
X.125|240 240 240 240 240 240 48 48 48 48 —16 —16 48 48 —16 . 16 16
X.126(240 240 240 240 240 240 48 48 48 48 —16 —16 48 48 —16 . —16 —16
X.127|240 240 —240 —240 . 96 —96 —96 96 —48 48 . . .—24 24 —-24 24 16 —16
X.128(240 240 —240 —240 . —96 96 96 —96 —48 48 . . —24 24 -24 24 16 —16
X.129(240 —240 240 —240 —240 240 —72 —72 72 72 .72 -T2 12 12 —-12 —12 . .
X.130(240 —240 240 —240 240 —240 72 72 —T2-72 .72 -T2 12 12 —12 —12 .
X.131(240 —240 240 —240 240 —240 72 72 —=T2-72 .72 =72 12 12 —-12 —12 .
X.132{240 240 240 240 —240 —240 . . 48 48 . —48 —24 —24 —24 —24 —16 —16
X.133|240 240 —240 —240 . . —96 96 96 —96 —48 48 .—24 24 -24 24 16 —16
X.134]240 240 —240 —240 . . 96 —96 —96 96 —48 48 . . . —24 24 -24 24 16 —16
X.135|240 —240 240 —240 —240 240 —72—72 72 72 . .72 =72 .12 12 —-12 —12 .
X.136(240 240 240 240 240 240 —48 —48 —48 —48 —16 —16 —48 —48 —16 . 16 16
X.137|240 240 240 240 —240 —240 . . . . 48 48 . . —48 —24 —24 —24 —24 —16 —16
X.138[240 240 240 240 240 240 —48 —48 —48 —48 —16 —16 —48 —48 —16 . —16 —16
X.139(240 240 240 240 240 240 —48 —48 —48 —48 —16 —16 —48 —48 —16 . —16 —16
X.140(320 —320 —320 320 . . 32 —32 32 —32 . . . . . 16 —16 —16 16 .
X.141{320 —320 320 —320 320 —320 —32 —32 32 32 . —32 32 —16 —16 16 16
X.142(320 —320 320 —320 —320 320 32 32 —32-32 .—32 32 —16 —16 16 16
X.143|320 —320 —320 320 . . 32 —32 32 —32 . . . . 16 —16 —16 16
X.144|320 —320 320 —320 —320 320 32 32 —32-32 . —32 32 .—16 —-16 16 16
X.145(320 —320 320 —320 320 —320 —32 —32 32 32 . . —32 32 .—16 —16 16 16
X.146|384 384 384 384 —384 —384 . . . . —128 —128 . . 128 .
X.147|384 384 —384 —384 . . . . . 128 —128 B
X.148|384 384 —384 —384 . . . . . 128 —128 . . . . .
X.149|480 —480 —480 480 . —144 144 —144 144 . . =24 24 24 —24 . .
X.150(480 480 —480 —480 . . . . —96 96 48 —48 48 —48 32 —32
X.151|640 —640 —640 640 64 —64 64 —64 . . 32 -32-32 32 . .
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Character table of D(2Fiz) (continued)

FISCHER GROUP Fiag
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2/ 12 12 13 13 11 11 12 12 12 12 12 11 11 10 6 11 11 12 12 11 11 11 11 11
g 1 1 . . 1 1 . . . . . . . .1 1 1 . . . . . . .
221 232 223 224 225 226 227 228 229 230 231 232 233 234 3a 41 43 43 44 45 46 47 48 4o
2P Ta 1la 1la 1Ia la la la la Ia la la la la la 3a 22 22 21 21 210 210 210 211 210
3P| 221 222 223 224 225 226 227 228 229 230 231232233234 la 41 43 43 44 45 4g 47 45 49
5P| 291 299 293 294 295 296 227 228 229 230 231232233234 3a 4y 4y 43 44 45 4 47 48 49
X.94|—12 —12 8 . 6 6 — — — — . 4 4 2 . —6 —6 . . —4 4 -6 6 —6
X.95 . . —8 -8 . —8 . . —8 . . 8 8 . 8 8 8
X.96 . . —8 -8 . . . . . .- . . 8 . . 8 8 —8 —8 —8
X.97|—12 —12 8 . —6 —6 —4 —4 —4 -4 . 4 4 6 . 6 6 —4 4 -2 2 -2
X.98 . . 8 8 —12 —12 . . . . —8 . .4 0 —12 12 8 —8 . 4 4 4
X.99/—12 —12 8 6 6 4 4 4 4 . —4 —4 10 . —6 —6 . —4 4 2 -2 2
X.100 . . 8 —8 12 12 12 12 12 12 8 12 12 4 . 12 12 -8 -8 . 4 4 4
X.101 . . 8 8 —12 —12 . . . . =8 . .4 =12 -12 8 —8 4 4 4
X.102 . . . . . . . . . . . . . .2 . . . .
X.103| —8 8 . 8 -8 -8 -8 8 8 -8 8 o1 8 —8 8 8 -8
X.104 8 —8 . 16 —16 8 8 —8 -8 -8 8 . 1-16 16 . .
X.105 . . . . . 8 —8 8 —8 . . . =2 . . .
X.106 8 —8 . 8 -8 —8 -8 8 8 8 —8 .1 =8 8 8 —8 =8
X.107 8 —8 . . . 8 8 —8 -8 8 —8 . =2 . . .
X.108| —8 8 . 16 —16 8 8 —8 -8 8 —8 .1 16 —16 .
X.109| —8 8 .—16 16 8 8 —8 -8 8 —8 . 1—-16 16 .
X.110 8 —8 . =8 8 —8 -8 8 8 8 —8 o1 8 -8 -8 8 8
X.111 . . . . . . . . . . . . =2 . . .
X.112 8 —8 .—16 16 8 8 —8 -8 -8 8 .1 16 —16 .
X.113 . . . . . . . . . . . . .4 . . . . . .
X.114| 16 16 —32 . . . . . . . . ] . . .—16 16 .
X.115 . . . . . . 8 —8 8 —8 . . .4 . . . . .
X.116| —8 8 . . —8 8 —8 -8 8 8 —8 8 .1 =8 8 —8 —8 8
X.117| —8 8 . . . . 8 8 —8 -8 —8 8 =2 . . .
X.118 . . . . . . . . . . . . =2 .
X.119 . . . . 8 -8 8 -8 L =2 .
X.120 . . . . 8 —8 8 —8 . =2 .
X.121 . . . . . . . . ] .
X.122 . . . . . . . . =2 .
X.123 . . . . —16 16 16 —16 . . .
X.124 . . . . 16 —16 —16 16 . . . . . . . .
X.125 . . 16 —16 . —8 —8 —8 —8 16 —8 —8 . . —16 —16 .
X.126 . .—16 —16 . . . . . —16 . . . 16 16 .
X.127 . . . . . 8 —8 -8 8 . . . . . .
X.128 . . . . . 8 —8 -8 8 . . . . . . .
X.129|—12 12 .12 -12 —4 —4 4 4 4 —4 . =12 12 4 —4 —4
X.130| 12 —12 =12 12 —4 —4 4 4 —4 4 . —12 12 —4 —4 4
X.131| 12 —12 . .o 12-12 —4 —4 4 4 —4 4 . Lo 12 —12 4 4 —4
X.132| 24 24 16 .12 12 . . . . . -4 . —12-12 8 -8 -4 4 -4
X.133 . . . . . —8 8 8 —8 . . . . . . .
X.134 . . . . . —8 8 8 —8 . . . . . . . .
X.135|—12 12 . . —12 12 —4 —4 4 4 . 4 —4 . .12 —12 . . —4 4 4
X.136 . . 16 16 . . . . . . —16 . . . . . 16 —16 . .
X.137| 24 24 16 =12 —12 . . . . . 4 . 12 12 . . 8 -8 4 —-4 4
X.138 . .—16 16 . . . . . 16 . B . .—16 16 .
X.139 .—16 16 . . . . . 16 . . .—16 16
X.140 . . . . . .—16 16 —16 16 . 2 . . . B . . . .
X.141|—16 16 8 —8 . . . . -1 8 —8 . —8 -8 8
X.142| 16 —16 8 —8 . . . . .—1 -8 8 . —8 8 8
X.143 . . . . 16 —16 16 —16 2 . . . . .
X.144| 16 —16 —8 8 . . . . . —1 8 —8 8 —8 -8
X.145|—16 16 —8 8 . . . . .—1 -8 8 8 8 —8
X.146 . . . . . . . . . . . . . . .
X.147 . . . . .
X.148 . . . . .
X.149 —8 8 —8 8 .
X.150 . . . . .
X.151 -2
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Character table of D(2Fizg) (continued)

11

119
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9 9
1 1

9 10 10 10 10 10 10 10 10 10 10

1010 9 9 9 9 9 9 9
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412 413 414 415 416 417 418 F19 420 421 422 423 424 435 426

427 428 429 430 431 432 433 434 435

211
411
411

211 215
412 413
412 413

216 215
414 415

216 26 210 214 28 28214 210 211 211 210
416 417 418 419 420 421 422 423 424 425 426

22 26219 219 216 216 215 211 216
47 428 429 430 431 432 433 434 435

sisislsisislsisisisisisisisisisisisiolsiaisisisisisisisisisialoisiaialsisialalsisislaialoisiatalsislol
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.4

8 -8

8 -8
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B
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Character table of D(2Fiz) (continued)

% 9 9 9 9 9 9 9 9 9 9 8 8 8 8 8 8 8 8 8 7 T T T T 3 (li ?
436 437 438 430 440 441 442 443 444 445 a6 da7 Tas 440 450 451 452 453 454 455 456 457 458 4509 5a Ga_ 6b
2P[214 216 213 216 215 214 211 213 216 210 216 220 219 220 220 223 216 219 223 227 228 227 220 228 5a 3a _3a
3P|43g 437 438 439 440 441 442 443 444 445 446 447 448 449 450 451 452 453 454 455 456 457 458 459 5a 215 216
5P|436 437 438 439 440 441 442 443 444 445 446 447 448 449 450 451 452 453 454 455 456 457 458 459 la 6a 6b
X.94 .= .= 4 . 6 . =2 — 2 2 — .= .2 2 . . . . . . B . B
X.95 . . —4 . . . . —4 . .
X.96| .. —4 .. =4 . .
X.97 . —4 .2 4 . —6 .2 6 -2 -2 2 .2 -2 =2 . .
x.98 . . . -4 . . -4 . —4 . -4 .- 4 .
X.99 4 .2 —4 -2 2 2 -2 2 -2 -2 -2 2 . .
X.100| —4 . —4 —4 —4 2 2 2 2 .
X.101 . —4 —4 —4 4 4 —4 .
X.102 . . . -2 -2 2
X.103 . . .11
X.104 —4 . 4 . . 1 1
X.105 —4 4 4 —4 . .2 =2
X.106 . . . . 1 1
X.107 4 4 —4 .4 .2 2
X.108 4 .4 . . 1 1
X.109 —4 —4 . . 1 1
X.110 . . 1 1
X.111 . . 2 -2
X.112 4 —4 . .11
X.113 . .4 -4
5 . .2 2
X.115 . . —4 —4 . . .4 4 . .4 -4
X116 .. ... . L0101
X.117 —4 . . —4 —4 .4 . 2 2
X.118 . . . . . . . . . . 2 -2
X.119 . . —4 —4 . 4 4 . . =2 2
X.120 . . —4 —4 . 4 4 . . =2 2
x.121 . . .. . . .o -2 2
X.122 . . . . . -2 2
X.123| -8 8 . .o 2 .
X.124| 8 —8 . . . 2
X.125| 8 8 . . .
X.126 . .8 . . 8 . .
X.127| -4 . .4 4 . —4 . —4 . 4
X.128| —4 . . —4 4 4 —4 . 4 .
X.129 . 2 .2 =2 . . .2 L =2 -2 2 2 —2
X.130 2 . -2 2 . . -2 . 2 . . . . .-2 . .-2-2 2 . 2
X.131 —2 =2 =2 . . . =2 .2 . . . . . =2 . L2 2 =2 . =2
X.132 . . . —4 . .4 .4 -4 .4 . . =4 . . . . . .
X.133| 4 .4 . —4 . . —4 . 4 —4
X.134| 4 -4 . -4 . . 4 . 4 —4
X.135 —2 .22 . 2 .2 —2 .2 =2 =2 2
X.136 . . . . 8
X.137 . . 4 —4 —4 4 —4 4
X.138 . . .
X.139 .
X.140 . —8 8 -2 2
X141 . 4 . L4 st
X.142 . —4 . .4 . . . . . . . . . . . . . . . . . . . -1 -1
X143 . .8 ... =8 -2 2
X.144 .4 . . —4 . . . . . . . . . . . . . . . . . . . -1 -1
X.145 . —4 . . —4 . . . . . . . . . . . . . . . . . . . =1 -1
X.146 . . . . . . . . . . . . . . . . . . . . . . —1 . .
X.147 . —1
X.148 . . -1
X.149 4 4 —4 —4 .
X.150 . .
X.151 . 2 -2
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Character table of D(2Fizg) (continued)

21 6 6 6 6 6 5 5 5 5 5 5 5 5 5 5 5 5 4 477 77 7T 77 66 6 6
g 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 . . . . - - . .
6c 6d G6e 6f 6g 6h 67 65 6k 6l6M 6N 60 6p 6g 6r 65 6 6w 3a 8b 8c 8d 8e 8f 8g 8h 8t 8j 8k
2P[3a 3a 3a 3a 3a 3a 3a 3a 3a 3a 3a 3a 3a 3a 3a 3a 3a 3a 3adzds 45 44 44 45 45 417 43 418 417
3P| 23 217 23 21 218 24 212 212 213 27 26 221 25 222 29 28 213 225 226 8a 8b 8¢ 8d 8e 8f 8g 8h 8 8p 8k
5P| 6¢c 6d 6e 6f 6g 6h 67 6t 65 6l6m 6n 60 6p 6g 6r 6k 6t 6u 8a 8 8c8d 8e 8f 8g 8h 8 8j 8k
xX.94 . .. .. . . .. . . . . .. . . 2 2-2-2 . .. . .
X.95 P 2 . .2
X.96| . L .o . . . . . . . .o . . . .o . 2 . .2
X.97| . L . . . . . . . . R . . L. L =2 2-2 2 R . .
X.99 . . . . . . . . . . . . . . . . . . L. =2 2-2 2 .
X.100] . . . . . . .o .o —2
X.101 . . . . . .
X.102[—-2 2 2-2 —2 . . . 2 -2 . 2 -2 .
X.103f 1 -1—-1-1 -1 1 -1 —1 1-1-1 1-1 -1 1 1 1 -1 1
x104 1-1-1-17-1-1-1-1 1 1 1-1 1 1-1-1 1 1 -1
X.105| 2 —=2 -2 2 2 . . -2 2 . =2 2
Xx.106f 1 -1 -1-1 —1-1 —1 —1 11 1-1 1 1-1-1 1 -1 1
X.107(—-2 -2 2 2 —2 -2 . . . .2 2 =2 . . .
Xx.108 1 -1—-1-1 -1 1 -1 —1 1-1-1 1-1 -1 1 1 1 1 -1
x.109 1 -1-1-1-1 1 -1-1 1-1-1 1-1 -1 1 1 1 -1 1
Xx.110f 1 -1 -1-1 —-1-1 -1 —1 11 1-1 1 1-1-1 1 1 -1
X.111 2 2 2-2 -2 . . . .2 =2 . . -2 2 . . .
X.112f 1 -1-1-1 —-1-1 -1 —1 11 1-1 1 1-1-1 1 -1 1
X.113|—4 4 -4 4 —4 . . . . .o .
X.114|-2 2-2-2 2 2 -2 2 -2 .
X.115(—4 —4 4 -4 4 . . . P . . . . . .
x.116 1 -1-1-1-1 1 -1 -1 1-1-1 1-1 -1 1 1 1 1 -1
X.117(—-2 -2 2 2 -2 2 . . . . —-2-2 2 . . .
X.118 2 2 2-2 —2 . . -2 02 . . .o2-=-2 .
X.119] 2 2-2 2 -2 c C C C
X.120] 2 2-2 2 =2 c C C C
X.121) 2 —2 2-2 2 ¢ c cC c
X122 2 -2 2—-2 2 . C C C C
X.123 . . . . . . .
X.124 L . .
X.125 . . . .
X.126 . . . .
X.127 . . . .
X.128 . . . .
X.129 . . . . —2 2
X.130 . . . .
X.131 . . . .
X.132 . . . .
X.133 . . . .
X.134 . . . .
X.135 . . . . 2 —2
X.136 . . . .
X.137 . . . .
X.138 . . . .
X.139 . . . . . . . . . . . .
X.140(—-2 2 2 -2 —2 . . . -2 2 . . -2 2 . . .
X.141|—1 1 1 1 1-—-1 1 1-1 1 1-1 1 1-1-1 -1 -1 1
x.142-1 1 11 1 1 1 1-1-1-1 1-1-1 1 1 -1-1 1
X.143|-2 2 2-2 -2 . . . =2 2 . . =2 2 . . .
x.144-1 1 1 1 1 1 1 1-1-1-1 1-1-1 1 1 -1 1 —1
X.145|—1 1 1 1 1-1 1 1-1 1 1-1 1 1-1-1 -1 1 -1
X.146 . . P . . P . . . . N . . .
X.147 .
X.148 .
X.149 .
X.150 . . . .
X.151] 2 =2 -2 2 2 2 -2 2-2
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Character table of D(2Fiz) (continued)

2l 6 6 6 6 6 6 5 5 3 3 3 3 3 3 3 4 4 4 4 4 4 5 5

. . . . . . . . . . . . . . 1 1 1 1 1 1 . .
5 . . .. . . . . 1 1 1 1 1 1 1 . . . . . . . .

81 8m 8n 8o 8p 8q 8r 8s 10a 10b 10c 10d 10e 10f 10g 12a 12b 12¢ 12d 12e 12] 16a 16b
2P|419 420 419 46 418 420 429 430 ba ba ba ba ba ba ba 6ba 6b 6c 6a 6¢ 6b 8a 3a
3P| 8l 8m 8n 8 8; 8q 8r 8s10a 10c 10b10d 10e 10g 10f 4153 414 41 415 4s 416 16a 16b
5P| 818m 8n 80 8p 8¢ 8r 8s 25 24 24 23 27 25 25 12a 12b12c 12d 12¢ 12f 16b 16a

X905 -2 . . -2
X996 . -2 . . -2

FL0 ] DS WS N S S |
104 .. Lo -1 1-1 11—
106 . ... 1= 1 -1 -1 1
108 ..ol 1-1 1
ol ..o L. 1-101 1 -1
5] DS WS S S R S |

el .. ... ooLoLoooLoL L. i-1-1 1 1-1 1

123 0 0 L1 -2 1 =2
124 © LD T2 -2

NN e

751 O SRS Qs g S g |
] S s N G s S
s D N S B g |
1 oL . . -1-1 1 1-1 1

slsisisisisisisisisisisisialsisisisisisisiaisisisisisisisisiaisisisialsisisisiaisisisiaisisiaiaisisials
S
(=2}

where A = —4¢(4)4, B = —2¢(5)3 — 2¢(5)2 — 1,C = —4((3)s — 2, D = 2¢(8)3 +
2¢(8)s-
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